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Abstract

IrregularPyramidsaredefinedasastackof successively reducedgraphs.Eachvertex of
a reducedgraphis associatedto asetof verticesin thebaselevel graph namedits receptive
field. If the initial graph is deducedfrom a planar sampling grid its reduced versions are
planar andeachreceptive field is a region of the initi al grid. Combinatorial Pyramidsare
definedasa stackof successively reducedcombinatorial maps. Combinatorial mapsare
basedon half edgesnameddarts andthe receptive field of a dart is a sequenceof dartsin
thebaselevel combinatorial map.Wepresent in thispaper preliminaryresults showing how
to defineregionsfrom thereceptive fieldsof thedarts.

1 Intr oduction

A Region is definedas a connectedset of pixels. The regions definedby segmentation al-
gorithmsfulfill somehomogeneitycriterion andusuallyencodeeither the projectionsof the
differentobjectsof a sceneor the main partsof someof theseobjects. Regionsarelot more
informative thanpixelsandawidevarietyof internalpropertiessuchthattheshape,thetexture
or thesetof colorsmaybeextractedfrom them. Externalpropertiessuchastheadjacency or
theinclusionrelationshipsbetweenregionsalsoprovidemeaningfulinformationaboutascene.

Imagepartitions into region may be definedin parallelusinghierarchicaldatastructures.
Thesedatastructuresencodeadditionally the levelsof detailsof a partition. For example,us-
ing suchdatastructures,thehierarchicalrelationbetweenoneregion encodinga faceandthe�
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regionsencodingthedifferentpartsof thisface(e.g.theeyesandthehears)maybeencodedex-
plicitly. TheRegular image pyramids is a hierarchicaldatastructureintroducedin 1981/82[4]
asa stackof imageswith exponentially reducedresolution. Using theneighborhood relation-
shipsdefinedoneachimagetheReductionwindowrelateseachpixel of thepyramidwith a set
of pixelsdefinedin thelevel below. Thepixelsbelonging to onereductionwindow arethechil-
drenof thepixel whichdefinesit. This father-child relationshipmaybeextendedby transitivity
down to the baselevel image. The setof childrenof onepixel in the baselevel is namedits
receptivefield (RF) anddefinestheembeddingof thispixel on theoriginal image.

Usingregularpyramid the receptive fieldsarenot necessarilyconnected[1] andmaythus
contradictthe usualdefinition of regions. This drawbackmay be overcomeby usingirregu-
lar pyramidsdefinedasa stackof successively reducedgraphs. The Simplegraph andDual
graphPyramidsrespectively introducedby Meer[6] andKropatsch[5] defineeachlevel of the
pyramidby selectinga setof verticesnamedsurviving verticesandmappingall nonsurviving
verticesto surviving ones. The father-child relationshipinducedby this mapping definesthe
reductionwindow of eachsurviving vertex. Thetransitiveclosureof this relationdefines,asin
regularpyramids,the receptive field of a surviving vertex. Usingsucha reductionscheme,if
theinitial graphis definedfrom a planarsampling grid all thereducedversionsof thegrid are
planar. Moreover, eachinitial vertex maybeassociatedto onepixel andthereceptivefield of a
survivingvertex is definedasaconnectedsetof pixels.

Combinatorialpyramidsaredefinedasa stackof combinatorial mapssuccessively reduced
by contractionandremoval operations.CombinatorialPyramidsareequivalent to dual graph
pyramidswith theexceptionthatthey representtheorientationexplicitly. Theexpectedadvan-
tagesof suchhierarchieswithin the imageanalysisframework arepresentedin [3]. Combi-
natorialmapsarebasedon darts. Hencethe the reductionwindow andthe receptive fields of
CombinatorialPyramidsareexpressedin termsof darts.However, usingeithersimplegraphor
dualgraphpyramidsthebasicentity is thevertex/pixel. Therefore,thereceptive fieldsmaybe
interpretedasregionsof aninitial image.We presentin this paperpreliminaryresultsshowing
how to defineregionswithin thecombinatorial pyramidframework.

2 Combinatorial maps

A combinatorialmapmaybeseenasaplanargraphencodingexplicitly theorientation of edges
arounda givenvertex. Figure1(a)demonstratesthederivation of a combinatorial mapfrom a
planegraph. First edgesaresplit into two half edgescalleddarts, eachdart having its origin
at the vertex it is attachedto. The fact that two half-edges(darts)stemfrom the sameedge
is recordedin the reversepermutation� . A secondpermutation� encodesthe set of darts
encounteredwhenturningcounterclockwisearoundavertex.

A combinatorial mapis thusdefinedasa triplet 	�
������������� , where � is thesetof darts
and � , � aretwo permutationsdefinedon � suchthat � is aninvolution:����� � ����� � ��
 �

(1)

Note that, if thedartsareencodedby positive andnegative integers,the involution � may
beimplicitly encodedby thesign(Figure1(a)).



Thesymbols� �!� � � and �"�!� � � stand,respectively, for the � and � orbitsof thedart
�
. More

generally, if
�

is adartand # apermutationwewill denotethe # -orbit of
�

by #���� � � .
Given a combinatorialmap 	 
 �$�%���&���'� , its dual is definedby 	 
 ������()����� with(%
��+*,� . Theorbitsof thepermutation( encodethesetof dartsencounteredwhenturning

arounda face. Note that, usinga counter-clockwiseorientation for permutation� , eachdart
of a ( -orbit hasits associatedfaceon its right (seee.g. the ( -orbit (-���/.��,
0�/.1��23�54763�5498:� in
Figure1(a)).
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Figure1: A 6KJL6 grid encodedby acombinatorialmap

Figure1 illustratesthe encodingof a 6MJN6KO -connecteddiscretegrid by a combinatorial
map.Eachvertex of theinitial combinatorialmap(Figure1(a))encodesapixel of thegrid. The� -orbit of onevertex encodesits adjacency relationshipswith neighboring vertices(seee.g.the� -orbit �/4723�54763�5.:.:�POQ� encodingthe centralvertex). The � successorsof the darts .!6 to RSO
arenot representedin Figure1(a) in orderto notoverloadit. Thesedartsencodetheadjacency
relationshipsbetweentheexternalpixelsof thegrid anditsbackground.The � orbit of theback-
groundvertex is equalto thesequenceof dartsform 4T.!6 to 4,RSO : �/4T.!63�54T.5OU�WV5V5VX�54,RY63�549RYOQ� .
The dual combinatorial map is representedin Figure1(b). We alsodid not representthe � -
successorof thepositive dartson this Figureto not overload it. Eachvertex of this dualmap
maybe associatedto a cornerof a pixel. Moreover, eachof its dartmaybe understoodasan
orientedcrack,i.e. asasideof apixel with anorientation.For example,thedart . in Figure1(b)
encodesthe left sideof theupper-left pixel orientedfrom bottomto top. Thedart 4Z. encodes
thesamecrackwith anorientation from top to bottom.Usingtheabove interpretationof darts,
the � -orbit of eachpixel definesthesequenceof crackswhich surroundsit. For example,the
upperleft pixel is encodedin Figure1(b)by the � -orbit �/.:�5.563��RYOU��8:� . In thesameway, thepixel
locatedon thefirst line, secondcolumn,is encodedby the � -orbit �[R\�5.WOU�54T.:��2]� . Thefact that
thesetwo pixelssharea samecrackwith a differentorientationis recordedby thedarts . and4T. whichbelongto asameedge.

Figures1(c) illustratesthe �L4%( representationof a combinatorialmap. Within this alter-
native representation,a combinatorial map 	^
_������������� is representedby anorientedplanar
graph `bac
d�fe���gb� . The set e of verticesof `ha is equalto the setof darts � andan ori-



entededgei � g connectstwo vertices
�kj

and
� � if f either

� � 
���� �Uj � or
� � 
c(l� �3j � . Using

this representation,the � and ( orbits of the combinatorialmaparerepresentedby the faces
of the orientedgraph `ba . Note that eachvertex of `ba hastwo incoming arcs(its � and (
predecessors)andtwo outgoingones(its � and ( successors).

3 Combinatorial Pyramids

Theaim of combinatorial pyramidsis to combinethe advantagesof combinatorial mapswith
the reductionschemedefinedby Kropatsch[5] (Section1). A combinatorial pyramid is thus
definedby an initial combinatorialmapsuccessively reducedby a sequenceof contractionor
removal operations.

In orderto preserve thenumberof connectedcomponentsof theinitial combinatorialmap,
thecontractionof self-loopsmustbeavoided.This lastrequirementmaybesatisfiedif thesetof
edgesto becontractedformsaforestof theinitial combinatorial map.A forestis definedasaset
of nonconnectedtrees.Within thecombinatorialmapframework, a treemaybecharacterized
asa combinatorialmapwith only one ( -orbit (i.e. only oneface). A moreformal definition
maybefoundin [2][Def. 4]. A setof edgesto becontractedsatisfying theabove requirement
is calledacontractionkernel:

Definition 1 Contraction Kernel
Given a connectedcombinatorial map 	 
 �������&���'� the set m no� will be called a

contractionkerneliff m is a forestof 	 .
Theset p)q^
r�s4Nm is calledthesetof survivingdarts.

Givenacontractionkernel m , wedenoteby t�t)�umv� its setof connectedcomponents. Sincem is aforest,eachw � t�t��fmv� is a tree.Intuitively, a tree w � t&t)�fmv� collapsesin onevertex a
connectedsetof verticesof theinitial combinatorialmap.Sinceeachinitial vertex is associated
to onepixel, thecontractedvertex encodesa region.
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Figure2: Reductionof theinitial grid displayedin Figure1 by thecontractionkernel m j
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Figure3: Reductionof thecontractedcombinatorialmapdisplayedin Figure2 by theremoval
kernel m �

Figure2 illustratesacontractionof theinitial combinatorial maprepresentedin Figure1 by
acontractionkernel m j definedby thetrees���!��.:��R:�������W�uOU�5.!R\���]� and ���!��.!�]� . Sinceeachinitial
vertex is incidentto a contractededgethis forestspansthe initial combinatorial mapandwe
obtain 6 surviving verticesencoding6 regions.

Onecannoteon Figure2 thatmany edgesencoderedundantboundaries.For examplethe
edges���5�f2]� and ���!�u�]� encodea sameadjacency relationshipbetweenthe top vertex andthe
centerone. Suchedgescorrespondto an artificial split of a boundarybetweentwo regions
(seeFigure2(b)). Theseedges,nameddoubleedges,maybecharacterizedby therelationship( � � � �l
 �

where
�

is oneof thedartof thedoubleedge.We have for exampleon Figure2(b),(l�u�]� 
�472 and (l�/472]��
�� , thus ( � �f�:� 
�� and � � �u�]� is adoubleedge.Anothertypeof redun-
dantedgeis thedirectself-loop,characterized by therelationship ��� � �|
��l� � � where

�
is one

of thedartsof thedirectself-loop � � � � � . Wehavefor example,onFigure2, � �/.:.�� 
�4Z.:. . Such
edgesmaybe interpretedin thedualcombinatorialmapasinner-boundaries(seeedge�)�!�/.:.!�
in Figure2(b)). Suchredundantedgesareremoved by a removal kerneldefinedasa forestof
thedualcombinatorial map. This lastconstraintinsuresthatno self-loopwill becontractedin
the dual combinatorialmapandthusthat no bridgemay be removed in the initial one. Fig-
ure3 representsthesimplified combinatorial mapdeducedfrom theonerepresentedin Figure2
by the removal kernel m � 
��S���!��.��\�5.WOU�5.!63��RYOQ�X�����X�f�]�������5�/.:.:��6]�X�����W��.!�3�5.523�5.�8:���������[R1R\��R\.���� .
Note thatgivena sequenceof doubleedges,thechoiceof thesurviving edgeis arbitrary. For
example,achoiceof thetree � � �fR1�3�5.5�3�5.!2]� insteadof � � �/.!�3�W.!23�5.�81� wouldleadtoanequivalent
simplified combinatorialmapwith asurviving edgeequalto �l�!�/.�81� insteadof �'�5�[R1�]� .

Contractionandremoval kernelsspecifythe setof edgeswhich mustbe contractedor re-
moved. Thecreationof thereducedcombinatorialmapfrom acontractionor aremoval kernelis
performedin parallelby usingconnectingwalks[3]. Givenacombinatorial map 	�
c�$�%�P������� ,
akernel m andasurviving dart

�K� p-q_
��4�m , theconnectingwalk associatedto
�

is either
equalto: �Z�

� � � 
 � ��(l� � ���5V5V5V���(��S� j � � � with ��
��r [����¡ � IN �9¢ (&£¤� � � � p)q�� (2)
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(b) Connecting walks inH)Ikx definedby {9�

Figure4: Connectingwalksdefinedby m j (a)and m � (b).

if m is acontractionkerneland�Z�
� � �'
 � ��� � � �X�5VWV5V��P� �Y� j � � � with ��
��� f����¡ � IN � ¢ � £ � � � � p-q+� (3)

If m is a removal kernel.
Figure4 representstheconnectingwalksdefinedby m j andm � superimposedto theoriented

graphs̀ba (Figure1(c)) and `ba j (Figure2(c)) respectively associatedto 	¦
§�$�%���&���'� and	 j 
�	Z¨1m j 
_��p-q j ��� j ���'� . Let usconsiderthesurviving dart 49� of 	 j (Figure4(a)). Sincem j is a contractionkernel

�Z�
��4,�1� is equalto thesequenceof non-surviving ( successorsof49� . Since (l��4,�1�7
©4T.!� � m j and (|�/4T.!�]�ª
c6 � p-q j , we have

�Z�
��4,�1�7
©49�\V¤4�.!� . In

thesameway, let usnow considerthecombinatorial map 	 � 
	 j�« m � 
§�$p)q � �P� � ���'� and
thesurviving dart � � p)q � (Figure4(b)). Since m � is a removal kernel,theconnectingwalk
of � is definedasthesequenceof non-surviving � -successorsof � . Since � j �[�:�)
�6 � m � and� j �f6:� 
�4,8 � p-q � (Figure2) wehave:

�¬�
�[�1� 
��\V6 .

Givena kernel m anda surviving dart
�®� p-q , suchthat

�Z�
� � ��
 � V �~j VWV5V � £ , thesucces-

sorof
�

within the reducedcombinatorialmap 	b¯�
0��p-q�����¯°���'� is retrieved from

�¬�
� � � by

thefollowing equations[3]:

(�¯$� � �±
 (l� � £ � if m is acontractionkernel��¯$� � � 
 ��� � £ � if m is a removal kernel
(4)

Using Figure4, we have for example ( j �/49�:�b
0(l�/4T.!�]�b
²6 (Figure4(a)) and � � �f�:�b
� j �f6:� 
�4,8 (Figure4(b) seealsoFigure3(c)).
Note that, if m is a contractionkernel, the connectingwalk

�Z�
� � � allows to compute(�¯$� � � . The � -successorof

�
within thecontractedcombinatorial mapsmayberetrieved from

�Z�
�u�l� � �³�+
d�l� � ��V � ¯ j �5V5V5V�� � ¯£ . Indeed,we obtainby usingequations1 and 4: ( ¯ �f�|� � �P��
��¯$�f�l�u�l� � �³�P�M
 �&¯�� � ��
 (|� � ¯£ � . We may alternatively considerthe sequence

� V
�¬�

�5�u�l� � �³�
where

�Z�
�!�u�l� � �³� denotesthe sequence

�¬�
�u�l� � �³� without its first dart �|� � � . In this case,



usingequation4 the � successorof a surviving dart
�

is providedby thelastdartof

�¬�
� � � ifm is a removal kernelandby thelastdartof

� V
�¬�

�5�f�l� � �P� if m is acontractionkernel.
If m is a removal kernel(resp. a contractionkernel),

�Z�
� � � (resp.

�¬�
� �u�l� � �³� ) defines

the sequenceof non surviving dartswhich aremappedto the surviving dart
�

in the reduced
combinatorial map. Suchsequencesencodethusthe notion of reductionwindow within the
combinatorial pyramidframework. In thefollowing sectionweshow how suchsequencesmay
becombinedto definehigherlevel objectssuchasregions.

4 Regions

Thedefinitionof regionswithin thecombinatorial pyramidframework supposesfirst to express
the notion of a connectedset of pixels in termsof darts. Given a combinatorialmap 	 
�������&���'� , we definea connectedsequenceof dartsasa sequencé̂ 
 �\j V5VWV5VW� � � suchthatall
dartsof thesequencearedistinctandeachdart � �]µ � µ·¶!¸ �P¹»º»º»º ¹ ��¼ is eitherthe � or ( successorof

�]µ � j .
Intuitively, two dartsof suchasequencebelongeitherto thesamevertex or to adjacentvertices.
If
�3j

is the � or ( successorof
� � , sucha sequenceis calleda cycle. Note that a connected

sequenceof dartsdefineseithera pathof a cycle in theorientedgraph `ba (Section2). Given
theconnectedsequenceof darts,wecandefinethenotionof connectedsetof darts.Thisnotion
is strongerthantheusualnotionof connectedsetof verticessinceonecaneasilyshow thatthe
setof verticesdefinedby a connectedsetof dartsis connected.However, a region is usually
definedasa connectedsetof pixels ratherthana connectedsetof darts.Thereforea connected
setof dartsmustcontainall the dartsof its verticesin order to be calleda region. Given a
combinatorial map 	�
�����������'� anda connectedsetof darts ½cn�� , this lastcondition may
bewritten: � � �u½¾��
�½ . Theaboveconsiderationsareresumedin thefollowing definition:

Definition 2 Region
Givena combinatorial map 	¿
��$�%���&���'� , a setof darts ½�nÀ� is calleda regionof 	 iff:Á ½ is connected:Givenany two darts � � � � ¯Â� � ½ � it existsoneconnectedsequenceof

darts ´ includedin ½ which connectseither
�

to
� ¯ or

� ¯ to � .
Á ½ containsits vertices: � � �u½¾� 
�½

Letusconsideraninitial combinatorialmap	¿
��$�%���&���'� andacontractedone	 ¯ 
c��p-q���� ¯ ���'�
deducedfrom 	 by a contractionkernel m . Eachtreeof m contractsa connectedsetof ver-
ticesinto onesurviving vertex. Let usconsidersucha surviving vertex � ¯»��� �3j �|
_� �3j �WV5V5VW� � £ � .
Sinceeachdart

�:µ
of this �Ã¯ -orbit is connectedin 	 to

�¤µÅÄ&j 
©�&¯�� �:µ � by
�]µ V
�Z�

�!�f�|� �:µ �P� (see
Section3), thereductionwindow of thevertex �"¯Æ��� �3j � is encodedby:

½9Ç�ÈÆÉPÊÌË�ÍfÎ"
 �3j �Z� � �f�|� �3j �³�XV5V5VWVWV � £
�¬�

� �u�l� � £ �³� (5)

In thesameway, if 	 ¯ is deducedfrom 	 by a removal kernel,eachdart
�Qµ

of � ¯»� � �3j � is con-
nectedin 	 to

�]µÅÄ&j
by

�Z�
� �:µ � . Therefore,the reductionwindow associatedto this vertex is

equalto: ½ Ç�ÈÆÉPÊÏË�ÍfÎ 

�¬�

� �Uj �XV5V5VWVWV
�¬�

� � £ � (6)



Sinceeachvertex of the initial combinatorial map 	 correspondsto onepixel, thevertex-
reductionwindows definedabove should correspondto theusualnotionof region. However, it
remainsto show thattheseregionsfulfill therequirementsof Definition2.

If m is a removal kernel,any connectingwalk is includedin a � orbit by definition(equa-
tion 3). Moreover, eachconnectingwalk

�¬�
� �¤µ � is connectedto

�¬�
� �QµÅÄ&j � by � (equations4

and 6). Thus ½,ÇXÈ»É�ÊÏË�ÍfÎ is a sequenceof � successorsincludedin ����� �3j � . Moreover, the � -
successorof the last dart of

�Z�
� � £ � , is equal to

�kj
(equation4). Therefore, ½ ÇXÈ»É�ÊÏË�ÍÐÎ is a� -orbit includedin ����� �3j � . By definitionof an orbit we have: ½ Ç�ÈÆÉ�ÊÌË�ÍfÎ 
Ñ�Ã��� �3j � . The region½9Ç�ÈÆÉPÊÌË�Í[Î"
��"��� �3j � is thustrivially connectedandcontainsall its vertices.

If m is a contractionkernel,eachsequence

�¬�
�!�f�|� �:µ �P� is connected(equation2). More-

over, eachdart
�:µ

is the � -successorof theseconddartof

�Z�
�f�l� �Qµ �³� (equation2 and1). The

sequence
�:µ �Z� �5�f�l� �:µ �³� is thusconnected.Finally, the ( successorof the last dart of each

sequence
�:µ �Z� �!�f�|� �:µ �P� is equalto

�QµÅÄ&j
(equation4). Eachsequence

�]µ �Z� �!�f�|� �:µ �P� in ½ Ç È»É ÊÏË�ÍfÎ
is thusconnectedto thefollowing oneand ½TÇ È»É ÊÏË�ÍfÎ is connected.

Note that usingthe circular orderdefinedon �"¯Æ��� �3j � , �3j is either the � or ( successorof
thelastdartof ½,Ç�ÈÆÉPÊÌË Í Î . Theregion ½9ÇXÈ»É�ÊÏË Í Î correspondsthusto aclosedconnectedsequenceof
dartswhichdefinesacycle in theorientedgraph `ba associatedto 	 .

Theproof that ½ Ç�ÈÆÉPÊÌË/Î containsits vertices,is basedon a studyof theconnectionsbetween
thetreesof a contractionkernelandtheconnectingwalks. We have in particularthefollowing
properties:

Proposition1 Givena contractionkernel m , an initial combinatorial map 	¿
�������������� and
thecontractedcombinatorial map 	 ¯ 
c�$p)q^
��s4NmÒ��� ¯ ����� , thetreesof m satisfy:� w � t�t��fmv��� ���3jÓ� � � �fwÔ�"Õ+p)q � ¯»� � �3j �±
 � � �uwÔ�"Õ�p-q (7)w 
 Ö £ ×PØ j

�Z�
� �f�|� � × �P� (8)

with ��¯Æ�!� �3j � 
c� �3j �5V5V5V�� � £ � .
Equation7 is demonstrated in [2]. Equation8 may be deducedfrom equation7 using the
fact that Ö £ ×PØ j

�Z�
�!�f�|� � × �P� is a connectedsetof non surviving dartsandis thusincludedin a

particulartree w of m .
Equation7 maybeunderstoodasfollows: Thesetof surviving dartsbelongingto theleafs

of a tree w definetheadjacency relationshipsbetweenw andtheotherverticesof 	 . Notethat
we have a circularorderon the � ¯ -orbit � ¯Æ� � �3j � . Therefore,thesetof surviving dartsencoding
the adjacency relationships of the tree is orderedaccordingto counter-clockwiseorientation
whenturningaroundthetree.

Eachsurviving dart
�Qµ

of �"�!�$Ù9�|ÕÚp)q 
o��¯Æ�!� � � is connectedin 	 to
�¤µÂÄ&j 
���¯�� �]µ � by�:µ V

�¬�
�!�u�l� �]µ �P� (Section3). Therefore,thetwo surviving darts

�¤µ
and

�]µÂÄ&j
areconnectedin 	

by a sequence

�¬�
� �u�l� �:µ �P� of non surviving darts. Equation8 shows that the union of such

sequencescover thewholetree.
Letusconsideronesurvivingvertex � ¯Æ� � �3j ��
�� �3j �5V5VWVW� � £ � andonetreew�
�Ö £×PØ j

�Z�
� �f�|� � × �P� .

Sincew is aconnectedcomponentof m , adart
�

belongingto � � �fwÔ��Õ�m mustbelongto w , oth-
erwise,w wouldbeconnectedto anothertreeof m . Wehave thus ���!�uwÔ�ÛÕ�mÜ
�w . Moreover,



sincep-q
Ý�s4Nm , wehave ��
rp-q�ÖLm and:

� � �uwÔ�±
 � � �uwÔ�"Õ��o
�� � �fwÔ�"ÕÞ�$p)q�Ö�mv�
 �u� � �fwÔ�"Õ�p-q®�"ÖÞ��� � �fwh�"Õ�mv�
 ��¯Æ�!� �3j �"ÖLw (equation7)
 ��¯Æ�!� �3j �"ÖÒß £×³Ø j
�¬�

�!�u�l� � × �³� (equation8)

where�&¯Æ��� �3j ��
�� �3j �5V5V5V�� � £ � .
Thereforetheregion ½ ÇXÈ»É�ÊÏË�ÍfÎ associatedto thesurviving vertex �}¯Æ��� �3j � definesanorderon

the set � �Uj �5VWV5VW� � £ � ÖÞß £×PØ j
�Z�

� �f�|� � × �P�b
¦� � �uwh� (seeequation5). Sincethe operator� � is
idempotentwehave:

� � �f½9Ç ÈÆÉ ÊÌË/Îf��
r� � ��� � �fwÔ�³� 
�� � �uwÔ� 
�½9Ç ÈÆÉ ÊÌË/Î
The sequenceof darts ½9Ç È»É ÊÏË/Î is thusconnectedandcontainsits vertices. It is thusa region
whichdefinesaconnectedsetof vertices.

Figure5 illustratesthreealternativerepresentationsof theregionassociatedto thecontracted
vertex ��¯Æ�!��492]� (seecentralvertex in Figure2). Notethat,all dartsin ½ Ç È»É Ê �¤à Î areassociatedto
atrianglein Figure5(b). However, thenameof thedarts 47OU�W49�3�W4Z.:. and 4T.�R is notdisplayed
in thisfigurein orderto notoverloadit. Thevertex ��¯»���/472]� is definedby thesequenceof darts
-8, -3, 11,-11,-5,20,19,18,17and-9(Figure2). Usingequation5 theregion ½ Ç�ÈÆÉPÊ �¤à Î is defined
as:

½ Ç�ÈÆÉPÊ �¤à Î 
 -8 V -3 V 11.4.12.-6V -11 V -5 V 20.6 V 19 V 18.-12 V 17 V -9.-4 (9)

whereeachboxsurroundsasequence
� V
�Z�

� �f�l� � �P� with
�K� � ¯Æ� ��492]� (Figure4(a)).

Theregion ½ Ç�ÈÆÉPÊ �¤à Î is composedof O pixelswith O cracksdefininginnerboundariesand 2
cracksdefiningtheboundaryof theregion. Wecannoteonequation9 thatall theedgesdefining
inner boundariesareincludedin ½¥Ç�ÈÆÉPÊ �¤à Î . We have indeed, ���!�uOU�W.:.:���3�W.�R:�hn¦½9Ç�ÈÆÉPÊ �¤à Î . This
propertyis a direct consequenceof the fact that a region containsits vertices(Definition 2).
Indeed,if anedge����� � � definesaninnerboundaryof aregion ½ both ���5� � � and �"�5�f�l� � �P� must

-3< 4; -4<
-5< 6; -6<
-8>
11=
-11>

-9>
12=
-12>

20= 19=
17
;

18
;

(a) á'âXãä�åÅæ:çfè in ?
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11

; <
-9<
12

; <-3= 4>=
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18>

20

;
19

;
(b) á'âXãä�åÅæ:çfè in ?
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B
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B
B

C
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C
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(c) á'âXãä�åÅæ:çfè in H)I
Figure5: Theregion ½ Ç ÉÍ Ê �¤à Î definedby m j (seeFigure2)



be includedin ½ . Therefore,
�

and �l� � � mustbelongto ½ . Conversely, all dartsdefiningthe
boundaryof a region ½ cannothave their � -successorin ½ (seee.g. thedarts .�8 to R1� in equa-
tion 9 andFigure5). Wecanalsonote,onequation9 (seealsoFigure5(b)) thatthesequenceof
darts 4723�54763�549�\��R1�3�W.!�3�5.!2\�5.�8\�547� definingtheboundaryof ½¥Ç ÈÆÉ Ê �¤à Î with acounter-clockwise
orientationis includedin ½ Ç�ÈÆÉ�Ê �¤à Î . Moreover, theorderof thissequenceis respectedin ½ Ç�ÈÆÉPÊ �¤à Î .
This lastpropertyhasbeenverifiedin all ourexperimentsbut is notyet fully demonstrated.

5 Conclusion

We have definedin this paperthe notion of regionswithin the combinatorialpyramid frame-
work. This resultallows us to eitherdraw the imagepartition associatedto one level of the
pyramidor to extractparametersfrom regions. Moreover, thereductionwindow ½ of any high
level pixel hasbeenfound to form a directedHamiltoniancircuit in the sub-graphof `ba re-
strictedto ½ . However, the region definedin this paperarebasedon connectingwalkswhich
correspondto thenotionof reductionwindow within thepyramidframework. A generaldefi-
nition basedon thereceptivefieldsof dartsshould bestudied.Moreover, we alsoplanto study
finerpropertiesof regions.Suchresultsshouldallow usto retrievethesetof pixelsof oneregion
or its boundarywithout traversingall thedartsof theregion. Finally, combinatorialmapsbeing
formally definedin any dimensions, theseresultsshouldbe extendedto higherdimensions in
orderto definenD Combinatorial Pyramids.
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