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Abstract

Irregular Pyramidsaredefinedasastackof sucessvely reduedgraphs. Eachvertex of
aredwedgraphis ass@iatedto a setof verticesin the baseevel graph namedits receftive
field. If theinitial graph is dedwcedfrom a planar samplirg grid its reducel versiors are
plana andeachreceptve field is a region of theinitial grid. Combinaorial Pyramidsare
definedas a stackof succesvely reduwced combindorial maps. Combinabrial mapsare
basedon half edgesnameddarts andthe receptive field of a dartis a sequace of dartsin
thebasdevel combindorial map.We presenin this pape preliminaryresuts shoving how
to defineregionsfrom therecepive fieldsof the darts.

1 Intr oduction

A Raion is definedas a connectedset of pixels. The regions definedby segmentatbn al-
gorithmsfulfill somehomaeneity criterion and usually encodeeither the projectionsof the
differentobjectsof a sceneor the main partsof someof theseobjects. Regionsare lot more
informative thanpixelsandawide variety of internalpropertiessuchthatthe shapethetexture
or the setof colorsmay be extractedfrom them. Externalpropertiessuchasthe adjaceng or
theinclusionrelationshipdetweernregionsalsoprovide meaningfulinformationabouta scene.
Image partitions into region may be definedin parallelusinghierarchicaldatastructures.
Thesedatastructuresencodeadditiorally the levels of detailsof a partition. For example,us-
ing suchdatastructuresthe hierarchicalrelationbetweenoneregion encodinga faceandthe
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regionsencodinghedifferentpartsof thisface(e.g.theeyesandthehearsmaybeencodedx-
plicitly. The Regular image pyramidsis a hierarchicaldatastructureintrodwcedin 1981/82[4]
asa stackof imageswith exponentally reducedresolution. Usingthe neighborhod relation-
shipsdefinedon eachimagethe Reductiorwindowrelateseachpixel of the pyramidwith a set
of pixelsdefinedin thelevel belown. Thepixelsbelongirg to onereductionwindow arethe chil-
drenof the pixel which definest. Thisfatherchild relationshipmaybeextendedby transitvity
down to the baselevel image. The setof childrenof one pixel in the baselevel is namedits
receptivefield (RF) anddefineshe embeddingf this pixel onthe originalimage.

Usingregular pyramid the receptve fields are not necessarilyconnected1] andmay thus
contradictthe usualdefinition of regions This dravback may be overcomeby usingirregu-
lar pyramidsdefinedas a stackof successiely reducedgraphs. The Simplegraph and Dual
graphPyramidsrespectiely introducedby Meer[6] andKropatsch5] defineeachlevel of the
pyramid by selectinga setof verticesnamedsurviving verticesandmappingall nonsurviving
verticesto surviving ones. The fatherchild relationshipinducedby this mappirg definesthe
reductionwindow of eachsurviving vertex. Thetransitve closureof thisrelationdefinesasin
regular pyramids,the receptve field of a surviving vertex. Using sucha reductionschemejf
theinitial graphis definedfrom a planarsampling grid all thereducedversionsof the grid are
planar Moreover, eachinitial vertex maybe associatedio onepixel andthereceptve field of a
surviving vertex is definedasa connectedetof pixels.

Combinatoriapyramidsaredefinedasa stackof combinatoeial mapssuccessiely reduced
by contractionandremoval operations.CombinatorialPyramidsare equvalentto dual graph
pyramidswith the exceptionthatthey representhe orientationexplicitly. The expectedadvan-
tagesof suchhierarchieswithin the imageanalysisframewvork are presentedn [3]. Combi-
natorialmapsare basedon darts. Hencethe the reductionwindow andthe receptve fields of
CombinatoriaPyramidsareexpressedn termsof darts.However, usingeithersimplegraphor
dualgraphpyramidsthe basicentity is the vertex/pixel. Therefore thereceptve fieldsmaybe
interpretedasregionsof aninitial image.We presenin this paperpreliminaryresultsshaving
how to defineregionswithin the combinatrial pyramidframework.

2 Combinatorial maps

A combinatoriamapmaybe seermasaplanargraphencodingexplicitly theorientation of edges
arounda givenvertex. Figurel(a) demonstratethe derivation of a combinatoral mapfrom a
planegraph. First edgesare split into two half edgescalleddarts, eachdart having its origin
at the vertex it is attachedo. The factthattwo half-edgeqdarts)stemfrom the sameedge
is recordedin the reversepermutationa. A secondpermutations encodeghe setof darts
encountereavhenturningcounterclockwis@rounda vertex.

A combinateial mapis thusdefinedasatriplet G = (D, o, o), whereD is the setof darts
ando, o aretwo permutationslefinedon D suchthat« is aninvolution:

Vie D o*(d)=d (1)

Notethat,if the dartsareencodedy positive andnegative integers,the involution o may
beimplicitly encodedy thesign(Figurel(a)).



Thesymbolsa*(d) ando*(d) stand respectiely, for thea ando orbitsof thedartd. More
generallyif d is adartandw apermutatiorwe will denotethe r-orbit of d by 7*(d).

Given a combinatorialmap G = (D, 0, ), its dual is definedby G = (D, ¢, a) with
¢ = o o a. Theorbitsof the permutationy encodethe setof dartsencountereavhenturning
arounda face. Note that, usinga counterclockwiseorientation for permutations, eachdart
of a p-orbit hasits associatedaceon its right (seee.g. the p-orbit o*(1) = (1,8,—3,—7) in
Figurel(a)).

Figurel: A 3 x 3 grid encodedy a combinatoriamap

Figure 1 illustratesthe encodingof a 3 x 3 4-connectedliscretegrid by a combinatorial
map. Eachvertex of theinitial combiratorialmap(Figurel(a))encodes pixel of thegrid. The
o-orbit of onevertex encodests adjaceny relationslips with neighborimg vertices(seee.g.the
o-orbit (-8, —3,11,4) encodingthe centralvertex). The a successorsf the darts13 to 24
arenotrepresenteth Figurel(a)in orderto notoverloadit. Thesedartsencodethe adjacenyg
relationshig betweertheexternalpixels of thegrid andits backgroundTheo orbit of theback-
groundvertex is equalto the sequencef dartsform —13 to —24 : (—13, —14,...,—23, —24).
The dual combinateial mapis representedn Figure 1(b). We alsodid not representhe o-
successoof the positive dartson this Figureto not overloadit. Eachvertex of this dualmap
may be associatedo a cornerof a pixel. Moreover, eachof its dartmay be understoocasan
orientedcrack,i.e. asasideof apixel with anorientation.For example thedart1 in Figurel(b)
encodegheleft sideof the upperleft pixel orientedfrom bottomto top. Thedart—1 encodes
the samecrackwith anorientation from top to bottom. Usingthe above interpretatiorof darts,
the o-orbit of eachpixel definesthe sequenc®f crackswhich surroundst. For example,the
upperleft pixelis encodedn Figurel(b) by theos-orbit (1, 13, 24, 7). In thesameway, thepixel
locatedon thefirst line, secondcolumn,is encodeddy the o-orbit (2,14, —1, 8). Thefactthat
thesetwo pixels sharea samecrackwith a differentorientationis recordedby the darts1 and
—1 which belongto a sameedge.

Figuresl(c) illustratesthe o — ¢ representationf a combinatoriaimap. Within this alter
native representatiora combinatoral mapG = (D, o, «) is representetdy anorientedplanar
graphOG = (V, E). ThesetV of verticesof OG is equalto the setof dartsD andan ori-



entededgee € F connectdwo verticesd; andd, iff eitherd, = o(d;) or dy = ¢(d;). Using
this representationthe o and orbits of the combinatorialmap are representedby the faces
of the orientedgraph@¢g. Note thateachvertex of OG hastwo incoming arcs(its ¢ and ¢

predecessorgndtwo outgoingones(its o andy successors).

3 Combinatorial Pyramids

The aim of combinateial pyramidsis to combinethe advantagesf combinatoial mapswith
the reductionschemedefinedby Kropatsch[5] (Sectionl). A combinateial pyramidis thus
definedby aninitial combinatorialmapsuccessiely reducedby a sequencef contractionor
removal operations.

In orderto presere the numberof connecteccomponent®f theinitial combinatoriaimap,
thecontractiorof self-loopsmustbeavoided. Thislastrequiremenmaybesatisfiedf the setof
edgedo becontractedormsaforestof theinitial combinatoial map.A forestis definedasaset
of nonconnectedrees.Within the combinatoriaimapframenork, a treemaybe characterized
asa combinatorialmapwith only one p-orbit (i.e. only oneface). A moreformal definition
may befoundin [2][Def. 4]. A setof edgedo be contractedsatisfyirg the above requirement
is calleda contractiorkernel:

Definition 1 Contraction Kernel

Givena connecteccombinatoial map G = (D, o,«a) theset K C D will be called a
contraction kerneliff K is a forestof G.

ThesetSD = D — K is calledthesetof survivingdarts.

Givenacontractiorkernel K, we denoteby CC(K) its setof connectedcomponentsSince
K isaforest,eachT € CC(K) isatree.Intuitively, atree7 € CC(K) collapsesn onevertex a
connectedetof verticesof theinitial combiratorialmap. Sinceeachinitial vertex is associated
to onepixel, the contractedrertex encodes region.
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Figure2: Reductionof theinitial grid displayedn Figurel by the contractiorkernel K,
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Figure3: Reductionof the contracteccombiratorialmapdisplayedn Figure2 by theremoval
kernel K,

Figure2 illustratesa contractiornof theinitial combinateoial maprepresentedh Figurel by
acontractiorkernel K, definedby thetreesa*(1, 2), a*(4, 12, 6) anda*(10). Sinceeachinitial
vertex is incidentto a contractededgethis forestspansthe initial combiratorialmapandwe
obtain3 surviving verticesencoding3 regions

Onecannoteon Figure2 thatmary edgesencoderedundanboundaries For examplethe
edgesa*(8) anda*(9) encodea sameadjaceny relationshipbetweenthe top vertex andthe
centerone. Suchedgescorrespondo an artificial split of a boundarybetweentwo regions
(seeFigure2(b)). Theseedgesnameddoubleedgesmay be characterizedby therelationship
©%(d) = d whered is oneof the dartof the doubleedge.We have for exampleon Figure2(b),
©(9) = —8 andp(—8) = 9, thusy?(9) = 9 anda*(9) is adoubleedge.Anothertypeof redun-
dantedgeis the directself-loop,characterizd by therelationshp o(d) = a(d) whered is one
of thedartsof thedirectself-loopa*(d). We have for example onFigure2,o(11) = —11. Such
edgesmay be interpretedn the dualcombinatorialmapasinnerboundariefseeedgea*(11)
in Figure2(b)). Suchredundanedgesareremoved by aremova kerneldefinedasa forestof
the dualcombinatoral map. This lastconstraintinsuresthatno self-loopwill be contractedn
the dual combinatorialmap and thusthat no bridge may be removed in the initial one. Fig-
ure 3 representthesimpified combinatoral mapdeducedrom theonerepresented Figure2
by the removal kernel K, = {a*(15,14,13,24), o*(9), (11, 3), (19, 18, 17), a*(22, 21)}.
Notethatgivena sequencef doubleedgesthe choiceof the surviving edgeis arbitrary For
example achoiceof thetreea*(20, 19, 18) insteadf a*(19, 18, 17) wouldleadto anequialent
simpified combiratorialmapwith a surviving edgeequalto o*(17) insteadof a*(20).

Contractionandremoval kernelsspecifythe setof edgeswhich mustbe contractedor re-
moved. Thecreationof thereducedcombinatoriailmapfrom a contractioror aremoval kernelis
performedn parallelby usingconnectingvalks[3]. Givenacombinateial mapG = (D, o, «),
akernelK andasurviing dartd € SD = D — K, theconnectingvalk associatetb d is either
equalto:

CW(d) =d,¢(d),...,¢" '(d) withn = Min{p € IN* | ¢*(d) € SD} 2)
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Figure4: Connectingvalksdefinedby K; (a) and K5 (b).

if K is acontractionkerneland
CW(d) =d,o(d),...,o" ' (d) with n = Min{p € N* | 6*(d) € SD} (3)

If K isaremoval kernel.

Figure4 representtheconnectingvalksdefinedby K, and K, superimposdto theoriented
graphsOg (Figurel1(c)) andOgG; (Figure2(c)) respectiely associatedo G = (D, o, «) and
G, = G/K, = (8D,,0,, ). Letusconsiderthe surviving dart—5 of G, (Figure4(a)). Since
K, is acontractionkernel CW (—5) is equalto the sequenc®f non-surwing ¢ successorsf
—5. Sincep(—5) = —10 € K; andyp(—10) = 3 € SD,, wehave CW(—5) = —5. — 10. In
the sameway, let usnow considerthe combinatoral mapG, = G \ Ky = (8D», 02, @) and
the surviving dart5 € 8D, (Figure4(b)). Since K, is aremoval kernel,the connectingwalk
of 5 is definedasthe sequenc®f non-surwing o-successorsf 5. Sinceo;(5) = 3 € K, and
01(3) = =7 € 8D, (Figure2) we have: CW (5) = 5.3.

Givenakernel K andasurviing dartd € SD, suchthatCW (d) = d.d; . .. d,, thesucces-
sorof d within the reducedcombinatoriamapG’ = (8D, o', «) is retrieved from CW (d) by
thefollowing equationg3]:

¢'(d) = ¢(dp) if Kisacontractiorkernel (@)
o'(d) = o(d,) if Kisaremovalkernel

Using Figure 4, we have for exampk ¢;(—5) = ¢(—10) = 3 (Figure4(a)) andos(5) =
01(3) = —7 (Figure4(b) seealsoFigure3(c)).

Note that, if K is a contractionkernel, the connectingwalk CW (d) allows to compute
¢'(d). Theo-successoof d within the contractedcombinateial mapsmay be retrieved from
CW(a(d)) = a(d).di,...,d,. Indeed,we obtainby usingequationsl and4: ¢'(a(d)) =
o'(a(a(d))) = o'(d) = ¢(d,). We may alternatvely considerthe sequencel.C'W*(a(d))
whereCW*(«a(d)) denoteghe sequence&'W (a(d)) without its first dart a(d). In this case,



usingequatiord the o successoof a surviving dartd is providedby the lastdartof CW (d) if
K isaremovd kernelandby thelastdartof d.CW*(a(d)) if K is acontractiorkernel.

If K is aremova kernel(resp. a contractionkernel), CW(d) (resp. CW*(«a(d))) defines
the sequencef non surviving dartswhich are mappedto the surviing dartd in the reduced
combinatoral map. Suchsequencegncodethusthe notion of reductionwindow within the
combinatoral pyramidframework. In thefollowing sectionwe shav how suchsequencemay
be combinedo definehigherlevel objectssuchasregions.

4 Regions

Thedefinitionof regionswithin thecombinatoral pyramidframewnork supposefirst to express
the notion of a connectedset of pixelsin termsof darts. Given a combinatorialmap G =
(D, 0, ), we definea connectedsequencef dartsasa sequence® = d;... ., d, suchthatall
dartsof thesequencaredistinctandeachdart(d; )ic(s,....»} is eithertheo or ¢ successoof d;_; .
Intuitively, two dartsof sucha sequencéelongeitherto thesamevertex or to adjacentertices.
If d, is theo or ¢ successoof d,, sucha sequences calleda cycle. Note thata connected
sequenc®f dartsdefineseithera pathof a cycle in the orientedgraphOg(Section2). Given
theconnectedequencef darts,we candefinethenotionof connectedetof darts. Thisnotion
is strongerthanthe usualnotion of connectedetof verticessinceonecaneasilyshaw thatthe
setof verticesdefinedby a connectedsetof dartsis connected.However, a region is usually
definedasa connectedetof pixels ratherthana connecteaetof darts. Thereforea connected
setof dartsmustcontainall the dartsof its verticesin orderto be calleda region. Givena
combinatoral mapG = (D, 0, o) anda connectedetof dartsR C D, thislastcondition may
bewritten: 0*(R) = R. Theabove considerationareresumedn thefollowing definition:

Definition 2 Region
Givena combinatrial mapG = (D, o, «), asetofdartsR C D is calledaregion of G iff:

e R is connected:Givenanytwo darts (d,d’) € R? it existsone connectedsequencef
darts P includedin R which connectseitherd to d' or d’ to d.

e R containsits vertices:c*(R) = R

Letusconsidemninitial combinatoriamapG = (D, o, o) andacontractewneG’ = (8D, o', «)
deducedrom G by a contractionkernel K. Eachtreeof K contractsa connectedsetof ver-
ticesinto onesurviving vertex. Let usconsidersuchasurvivingvertex o’ (dy) = (dy, . . ., dp).
Sinceeachdartd; of this o’-orbit is connectedn G to d, ;1 = o'(d;) by d;.CW*(a(d;)) (see
Section3), thereductionwindow of thevertex o' (d, ) is encodedy:

Ry ay) = dyCW*(a(dy)). ... . dyCW* (a(dy)) (5)

In the sameway, if G’ is deducedrom G by aremoval kernel,eachdartd; of o"(d;) is con-
nectedin G to d; 1 by CW(d;). Thereforethereductionwindow associatedo this vertex is
equalto:

Ry gy = CW(dy). .... CW (d,) (6)



Sinceeachvertex of theinitial combinatoral map G corresponds$o onepixel, the vertex-
reductionwindows definedabove shoutl correspondo the usualnotion of region. However, it
remaingo shav thattheseregionsfulfill therequirement®f Definition 2.

If K isaremoval kernel,any connectingwalk is includedin a o orbit by definition (equa-
tion 3). Moreover, eachconnectingvalk CW (d;) is connectedo CW (d;,1) by o (equationg}
and6). Thus R, ) is a sequenceof o successorincludedin o*(d;). Moreover, the o-
successoof the last dart of CW (d,), is equalto d, (equationd). Therefore,R,. 4, is a
o-orbit includedin o*(d;). By definitionof anorbit we have: R, q,) = 0*(d1). Theregion
Ry 4,y = 0*(dy) is thustrivially connectecindcontainsall its vertices.

If K is acontractionkernel,eachsequenc&W*(«(d;)) is connectedequation?). More-
over, eachdartd; is the o-successoof the seconddartof CW («(d;)) (equation2 andl). The
sequencel;CW*(a(d;)) is thus connected.Finally, the ¢ successopof the last dart of each
sequence,CW*(a(d;)) is equalto d;, (equationd). Eachsequence,CW*(a(d;)) in Ry (qy)
is thusconnectedo thefollowing oneand R,- 4, is connected.

Note that usingthe circular orderdefinedon ¢'*(d;), d; is eitherthe o or ¢ successoof
thelastdartof R, 4,). Theregion R, 4,) correspondshusto a closedconnectedequencef
dartswhich definesa cycle in the orientedgraph(OgG associateto G.

Theproofthat R, (4 containsits vertices,is basedon a studyof the connectiondetween
thetreesof a contractionkernelandthe connectingvalks. We have in particularthe following
properties:

Proposition 1 Givena contraction kernel K, aninitial combinatoral mapG = (D, 0, ) and
the contractedcombinatoral mapG’ = (SD = D — K, ¢', «), thetreesof K satisy:

VT € CC(K), Vd, € o*(T)NSD o™(d) = o*(T)NSD ©)
T = U_.CW(a(d))) (8)

with O',*(dl) = (dl, .. .,dp).

Equation7 is demongtatedin [2]. Equation8 may be deducedfrom equation7 using the
factthatUi_,CW*(a(d;)) is a connectedsetof nonsurviving dartsandis thusincludedin a
particulartree7 of K.

Equation7 maybe understoodsfollows: Thesetof surviving dartsbelongingto theleafs
of atree7 definetheadjaceny relationshipdetweer] andtheotherverticesof G. Notethat
we have a circularorderon the o’-orbit o™ (d; ). Therefore the setof surviving dartsencoding
the adjaceny relationshps of the treeis orderedaccordingto counterclockwise orientation
whenturningaroundthetree.

Eachsurviving dartd; of o*(T) N 8D = ¢'*(d) is connectedn G to d;;1 = o'(d;) by
d;.CW*(a(d;)) (Section3). Therefore thetwo surviving dartsd; andd;,; areconnectedn G
by a sequence&W*(«(d;)) of non surviving darts. Equation8 shaws that the union of such
sequencesoverthewholetree.

Letusconsideonesurvvingvertex o™ (d1) = (dy, . . . , d,) andonetreeT = U:_, CW*(a(d;)).
SinceT isaconnectedomponendf K, adartd belongingo o*(7 )N K mustbelongto 7, oth-
erwise,7 would beconnectedo anothertreeof K. We havethuso*(7) N K = T. Moreove,



sinceSD =D — K,wehaveD = SD U K and:

o*(T) = o"(T)ND=0"(T)N(SDUK)
= (6*(T)NSD)U (¢*(T)NK)
o™*(d)UT (equation?)
= o"™(di) UUj_, CW*(a(dy)) (equatiorB)

whered™(dy) = (di, - .., dp).

Thereforetheregion R, (4,) associatedo the surviving vertex o™ (d;) definesanorderon
theset(dy, ..., d,) U Uj_, CW*(a(d;)) = o*(T) (seeequations). Sincethe operators™ is
idempotentve have:

O-*(Ro-l*(d)) = 0*(0*(T)) = O*(T) = Ro-l*(d)

The sequencef darts R, 4 is thus connectedand containsits vertices. It is thusa region
which definesa connectedetof vertices.

Figure5illustrateghreealternatve representationsf theregionassociatetb thecontracted
vertex o™ (—8) (seecentralvertex in Figure2). Notethat,all dartsin R, (_g) areassociatedo
atrianglein Figure5(b). However, thenameof thedarts—4, —6, —11 and—12 is notdisplayed
in thisfigurein orderto notoverloadit. Thevertex o’*(—8) is definedby the sequencef darts
-8,-3,11,-11,-5,2019,18, 17 and-9(Figure2). Usingequationb theregion R, _s) is defined
as:

Ry =|-8][-3][11.4.12.-4[-11][-5][20.6][19]]18.-12][17][-9.-4] (9)
whereeachbox surroundsasequence.CW*(«(d)) with d € o™ (—8) (Figure4(a)).
Theregion R, (_gy is composedf 4 pixelswith 4 cracksdefininginnerboundariesand8
cracksdefiningtheboundaryof theregion. We cannoteonequatiord thatall theedgeslefining
inner boundariesareincludedin R,~(_g). We have indeed,a*(4,11,6,12) C Ry~ (—g). This
propertyis a direct consequencef the fact that a region containsits vertices(Definition 2).
Indeed|f anedgea*(d) definesaninnerboundaryof aregion R botho*(d) ando*(«(d)) must

(C) R"T (—8) in OG

Figure5: Theregion R,: _g) definedby K, (seeFigure2)



beincludedin R. Therefore,d anda(d) mustbelongto R. Corversely all dartsdefiningthe
boundaryof aregion R cannothave their a-successomn R (seee.g.thedarts17 to 20 in equa-
tion 9 andFigure5). We canalsonote,on equatior® (seealsoFigure5(b)) thatthesequencef
darts—-8, -3, -5, 20, 19, 18, 17, —9 definingthe boundaryof R, _g) with acounterclockwise
orientationis includedin R, _gy. Moreover, theorderof thissequencés respectedh R,-(_g).
This lastpropertyhasbeenverifiedin all our experimentsut is notyet fully demonstated.

5 Conclugon

We have definedin this paperthe notion of regionswithin the combinatorialpyramid frame-
work. This resultallows usto eitherdraw the imagepartition associatedo onelevel of the
pyramid or to extractparameterérom regions Moreover, thereductionwindow R of ary high
level pixel hasbeenfoundto form a directedHamiltonian circuit in the sub-graphof OG re-
strictedto R. However, the region definedin this paperarebasedon connectingvalks which
correspondo the notion of reductionwindow within the pyramid frameavork. A generaldefi-
nition basedon thereceptve fields of dartsshoud be studied.Moreover, we alsoplanto study
finer propertieof regions. Suchresultsshouldallow usto retrieve thesetof pixelsof oneregion
or its boundarywithout traversingall thedartsof theregion. Finally, combinatoriamapsbeing
formally definedin arny dimensionstheseresultsshouldbe extendedto higherdimensonsin
orderto definenD Combinatoial Pyramids.
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