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Abstract

We present two new methods to determine contraction kernels for the construction of graph
pyramids. The first method is restricted to undirected graphs and yields a reduction factor of at
least ����� . This means with our method the number of vertices in the subgraph induced by any set
of contractible edges reduces to half or less by a single parallel contraction. Our second method
also works for directed graphs. Our methods yield better reduction factors than Meer’s stochastic
decimation algorithm, in all tests. The lower bound of the reduction factor becomes crucial with
large images. We also give a method to compare the structure of the image pyramid.
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1 Introduction

In a regular image pyramid (for an overview see [KLB99]) the number of pixels at any level � , is� times higher than the number of pixels at the next reduced level ����� . The so called reduction
factor � is greater than one and it is the same for all levels � . If � denotes the number of pixels in
an image � , the number of new levels on top of � amounts to �	��

������� . Thus, the regular image
pyramid may be an efficient structure to access image objects in a top-down process.

However, regular image pyramids are confined to globally defined sampling grids and lack
shift invariance [BCR90]. In [MMR91, JM92] it was shown how these drawbacks can be
avoided by irregular image pyramids, the so called adaptive pyramids. Irregular pyramids can
perform most of the operations their regular counterparts are employed for [Ros87]. Each level
represents a partition of the pixel set into cells, i.e. connected subsets of pixels. The construction
of an irregular image pyramid is iteratively local [Mee89, Jol02, Jol01, BK93]:

� the cells have no information about their global position.

� the cells are connected only to (direct) neighbors.

� the cells cannot distinguish the spatial positions of the neighbors.

On the base level (level � ) of an irregular image pyramid the cells represent single pixels and
the neighborhood of the cells is defined by the � -connectivity of the pixels. A cell on level �����
(parent) is a union of neighboring cells on level � (children). This union is controlled by so
called contraction kernels. Every parent computes its values independently of other cells on the
same level. This lead to the property that an image pyramid is built in �����	��
��������

 � !"���#���%$&� � �('
time. For more indepth on the subject see the book of Jolion [JR94] and of Rosenfeld [Ros84].

Neighborhoods on level �)�*� are derived from neighborhoods on level � . Two cells +�, and
+.- are neighbors if there exist pixels /0, in +1, and /2- in +3- such that /4, and /2- are � -neighbors.
We assume that on each level �)�5� ( �76 � ) there exists at least one cell not contained in level
� . In particular, there exists a highest level 8 . Furthermore, we restrict ourselves to irregular
pyramids with an apex, i.e. level 8 contains only one cell.

A level consists of dual pair ��9;:	< 9=:>� of plane graphs 9;: and 9=: , Figure 1(b). The planarity
of graphs restricts us in using only the � -connectivity of the pixels. The vertices of 9?: represent
the cells on level � and the edges of 9;: represent the neighborhood relations of the cells on level
� , depicted with square vertices and dashed edges in Figure 1(b). The edges of 9?: represent the
borders of the cells on level � , solid lines in Figure 1(b), possibly including so called pseudo
edges needed to represent neighborhood relations to a cell completely enclosed by another cell.
Finally, the vertices of 9@: , circles in Figure 1(b), represent meeting points of at least three
boundary segments of 9;: , solid lines in Figure 1(b). The sequence ��9;:�< 9@:>� , �BAC�DAE8 is called
(dual) graph pyramid.

The aim of this technical report is to combine the advantage of regular pyramids (logarithmic
tapering) with the advantages of irregular pyramids (their purely local construction, universal
segmentation, topology preservation, preservation of face degree etc.). The aim is reached
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(a) (b)

Figure 1: (a) Partition of pixel set into cells. (b) Representation of the cells and their neighbor-
hood relations by a dual pair ��9 < 9;� of plane graphs.

by replacing the selection method for contraction kernels proposed in [Mee89] by two new
iteratively local methods. The method in Section 3 that now guarantees a reduction factor of
����� and the method in Section 4 . Experiments with selection methods show that:

� the old method ([Mee89]) does not lead to logarithmic tapering graph pyramids, as op-
posed to our methods, i.e. the reduction factors of graph pyramids build by the old method
can get arbitrarily close to � � � This problem was encountered also in [MMR91].

� the sizes of the cells from the new method are much more uniform.

Not only stochastic decimation [Mee89] but also connected component analysis [KM95] gains
from the new methods. The method in Section 4 turned out to produce logarithmic tapering
graph pyramids also in case of monotonic dual graph contraction [GK00b].

The plan of the technical report is as follows. In Section 2 we give the main idea of the
stochastic pyramid algorithm and in Section 6.1 we see that graph pyramids from maximal
independent vertex sets may have a very poor reduction factor. Moreover, experiments show
that small reduction factors are likely, especially when the images are large. We propose two
modifications. The one in Section 3 guarantees a reduction factor of � � � , but is applicable only
if the edges may be contracted in both directions. The modification proposed in Section 4 also
works in case of constraints on the directions. This modification yields the highest reduction
factors in the case of stochastic graph pyramids, in all our tests. In Section 5 we give a short
introduction of an idea proposed by Jolion in [Jol02]. An experimental comparison is given in
Section 6. In Section 7 we give a method to compare the structure of the graph pyramids.

2 Maximal Independent Vertex Set

In the following the iterated local construction of the (stochastic) irregular image pyramid
in [Mee89] is described in the language of graph pyramids. The main idea is to first calcu-
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late a so called maximal independent vertex set 1 [Chr75, TS92]. Let the vertex set and edge set
of 9@: be denoted by

� : and � : , respectively. The incidence relation of
� : , denoted by ��:���� � maps

each edge from � : to its set of end vertices.
The neighborhood � :���� � of a vertex �	� � : is defined by

�0:���� ��

����������������� � :���� ����� : such that � <������	:������ � �

A subset ! : of
� : is called maximal independent vertex set if:

1. � ,#"�$�0:����7-.� for all � ,.<��7-%��! : ,
2. for all �&� � : there exists a vertex �'��! : such that �&�$�0:��(� � .

The 1st condition means that two surviving vertices cannot be in the neighborhood of each other,
black vertices in Figure 2(d). The 2nd condition says that every non-surviving vertex has in its
neighborhood a surviving vertex, white vertices in Figure 2(d). Maximal independent vertex
set (MIS) problem was solved using the heuristic in [Mee89]. The number of iterations to com-
plete MIS converges in most of the cases very fast, so called iterations for correction [Mee89].
MIS [Mee89, Jol02] may be generated as follows.
MIS Algorithm:

1. Mark every element of
� : as candidate.

2. Iterate the following two steps as long as there are candidates.

(a) Assign random numbers to the candidates of
� : .

(b) Determine the candidates whose random numbers are greater than the random num-
bers of all neighboring candidates and mark them as member (of the maximal inde-
pendent set) and as non-candidate. Also mark every neighbor of every new member
as non-candidate.

3. In each neighborhood of a vertex that is not a member there will now be a member. Let
each non-member choose the edge to be contracted to its neighboring member, say the one
with the maximal random number (we assume that no two random numbers are equal).

The 2nd step of the algorithm (the iteration for correction) is shown in more detail in a simple
graph in Figure 2(a),(b),(c). The random numbers assigned to the vertices of graph are shown in
Figure 2(a). In Figure 2(b) is shown the parallel process of finding the local maximum vertices
and marking them as members (depicted with black) and as non-candidates, also marking
as non-candidate all the vertices that are neighbors of the members, vertices shown with white.
Since after this step there are some candidates (5, 6, 15, 10 and 12) status of which is undefined,
we repeat the 2nd step in order to find a status for these candidates. The complete maximal
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Figure 2: (a),(b),(c) Second step of MIS. (d) The black vertices form a maximal independent
vertex set. (d) The frames indicate a corresponding collection of contraction kernels. (e) A
graph pyramid from maximal independent vertex sets.
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independent set of vertices for this simple example is found in two iterations, Figure 2(c). The
assignment of the non-members to their members determine a collection of contraction kernels:
each non-member is contracted towards its member and all contractions can be done in a single
parallel step, 3rd step of the algorithm. In Figure 2(d) the contractions are indicated by arrows.
A graph pyramid from maximal independent vertex sets can be seen in Figure 2(e), where 9��
are graphs in levels ��
 � < � � �>< � . Note that we remove parallel edges and self-loops that emerge
from the contractions, if they are not needed to encode inclusion of regions by other regions, in
the example of Figure 2(e) we do not need loops nor parallel edges. This can be done by the
dual graph contraction algorithm [Kro95]. Trivial contraction kernels do occur very often in
MIS as can be seen in Figure 2(d), isolated black vertices. In Section 3 we introduce a method
that finds contraction kernels that are non trivial.

3 Guaranteeing a Reduction Factor of 2.0

In the following we aim at a collection � of contraction kernels in a plane graph 9 such that

� each vertex of 9 is contained in exactly one kernel of � , and

� each kernel � contains at least two vertices.

Definition 1 (Maximal Matching) A set � of independent edges 2 in a graph 9 
 � � < � � is
a maximal matching if every vertex in ��� �

incidents with an edge in � , and � cannot be
enlarged by an edge without loosing independence. The vertices in � are then called matched
vertices (by � ); all other vertices are called unmatched vertices.

We assume that 9 is connected and planar, and that the data do not impose constraint on the
selection, i.e. in large homogeneous regions. Clearly, the contraction of all kernels in � will
reduce the number of vertices to half or less. In contrast to [Mee89] we start with independent
edge sets or matchings, i.e. edge sets in which no pair of edges has a common end vertex. The
maximal independent edge set (MIES), � is done in three steps.
MIES Algorithm:

1. A maximal matching � of edges from 9 is determined.

2. � is enlarged to a set �	� that induces a spanning subgraph of 9 .

3. Larger trees of �
� are split into smaller trees defining � .

1also called maximal stable set; we distinct maximal from maximum independent set, which construction is
NP-complete.

2Two edges are independent if they do not incident in the same vertex.
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(a) � (b) ���

(c) �
� (d)

Figure 3: (a) � : a maximal matching with 9 edges. (b) � � : a matching with 12 edges. (c)
� � : the matching from (a) enlarged by connecting formerly isolated vertices to the maximal
matching. (d) (c) after breaking up trees of depth two into trees of depth one.

In the 1st step, a maximal matching may be determined by an iteratively local process as speci-
fied as used in MIS algorithm, (Section 2). Note that a maximal matching of 9 is equivalent to
a maximal independent vertex set on the edge graph of 9 [Die97, Chr75]. Note that � is only
required to be maximal, the edge set � cannot be enlarged by another edge from 9 without
loosing independence. As can be seen in Figure 3(a), a maximal matching � is not necessarily
maximum: there is a matching � � (Figure 3(b)) that contains more edges than � .

The collection of contraction kernels defined by a maximal matching � may include kernels
with a single vertex. Let � denote such an isolated vertex, isolated from � , and choose a non-
self-loop � that has � as an end vertex. Since � is maximal, the other end vertex � �
 � of �
belongs to an edge that is contained in the matching. Let � � denote the set of edges that are in
� or that are chosen to connect isolated vertices to � , 2nd step of MIES.

The subgraph of 9 that is induced by � � spans 9 and its connected components are trees
of depth one, two or three, Figure 3(c). A tree of depth three can be separated into two trees
of depth one each by removing the unique edge, both end vertices of which belong to other
edges of the tree (indicated by the crosses in Figure 3(c)); 3rd step of MIES. Still, each vertex
of 9 belongs to a tree (of depth one). The arrows in Figure 3(d) indicate possible directions of
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Figure 4: Restriction in choosing the surviving vertex. (a)Without restriction, (b) only the center
vertex (depicted with black) can be chosen as the root of the tree.

contractions. Since each vertex of 9 is now contained in a non-trivial contraction kernel, we
proved the following proposition:

Proposition 1 (Reduction factor of MIES at least � � � ) The MIES algorithm yields contrac-
tion kernels for parallel contractions with a reduction factor of at least ����� .

Proof. Let 9 
 � � : < � :>� be a planar connected graph with � � : � number of vertices. Let � be
a maximal matching of 9 and let � be the set of vertices matched by � and � � 
 � �

� be
the set of unmatched vertices (isolated vertices). A vertex �&� � is called matched by � if it is
incident with an edge in � . Since the matching is maximal, no two connected vertices �)< � may
be unmatched. i.e. in the neighborhood of the unmatched vertex there is at least one matched
vertex (since the graph is connected). This means that in the neighborhood of an unmatched
vertex � � � � there is at least one connecting edge (of path length one) concatenating this
unmatched vertex to the matched vertex �	� � . If there are more than one connecting edge, we
select only one of them.

Edge set � is enlarged to �	� by adding all connecting edges. Thus all vertices of
� : are

incidented in edges of �	� . The subgraph of 9 that is induced by � � spans 9 and its connected
components are trees of diameter one (the matched edge), two (isolated vertices connected to
one endpoint of a matched edge only) or three (isolated vertices connected to both ends of the
matched edge). Trees of diameter three are splitted into trees of diameter one by removing the
unique central edge �)� , both end vertices of which belong to other edges of the tree. The two
endpoints of the matched edge of a tree of diameter three have a degree of at least two (they
cannot be leafs). The split of the tree removes this matched edge which reduces the degree of
both end vertices by one, but they are still greater than zero. Hence this edge deletion does not
create a new isolated vertex. This ensures that all vertices

� : are also incidented in edges of the
new set �	� � 
	�
� � ��� � � and there are no isolated vertices left.

We conclude that the subgraph of 9 that is induced by � � � spans 9 and its connected
components are trees of diameter one or two. If all the components are trees of depth one then
after contraction we have � � : � , � 
 � � : � " � . If there is at least one tree of diameter two than
� � : � , ��� � � : � " � . We proved that in general case � � : � , �#A � � : � " ���
�

.
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(a) (b) (c)

Figure 5: (a) The reduction factor of a star with � edges pointing away from the center is
��� �C��� "�� . (b) Forbidden pairs of directed edges. (c) A legal configuration of directed edges

The surviving vertices can be in the neighborhood of each other, relaxing the 1st condition
of the MIS, which were proposed in [KM91]. Non-surviving vertices are in the neighborhood
of at least one surviving vertex, fulfilling the 2nd condition of MIS (Section 2). Note that in case
of kernels with more than one edge, Figure 4(b), the roots within the kernel cannot be chosen
arbitrarily. In Figure 4(a) any of the vertices can be chosen to be the root of the tree. But for the
case in Figure 4(b) the black vertex can only be chosen as root of the tree, otherwise the (rooted)
trees have depth greater than one. This would contradict our requirement about the depth of the
contraction kernel. This is why the proposed method cannot be extended to applications in
which there are a priori constraints on the directions of the contractions. However, the proposed
method works for the stochastic case (no preconditions on edges to be contracted) and for
connected component analysis [KM95], where the attributes of the end vertices are required to
be identical.

4 Constraints on the Directions of the Contractions

In many graph pyramid applications such as line image analysis [BK99, KB98] and the de-
scription of image structure [GEK99, KG01, GK00b] a directed edge � with source � and target
� �
 � must be contracted (from � to � ), only if the attributes of � , � , and � fulfill a certain
condition. In particular, the condition depends on � being the source and � being the target. The
edges that fulfill the condition are called preselected edges. From now on the plane graphs in
the pyramid have directed edges. Undirected graphs can be converted into directed graphs by
substituting the edges into pairs of reverse edges, i.e. for each edge � with source � and target
� there exists an edge � � with source � and target � . However, the set of preselected edges may
contain � without containing � � . The goal is to build contraction kernels with a “high” reduction
factor from the set of preselected edges. The reduction will always be determined according to
the directed graph induced by the preselected edges. For example, if the number of vertices in
the induced subgraph is reduced to half, the reduction factor will be ����� . From the example in
Figure 5(a) it is clear that, in general, the reduction factor can be arbitrarily close to � ��� .

The contraction kernels are vertex disjoint rooted trees of depth one or zero (single vertices),
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Figure 6: (a) The neighborhood
� ����� . (b) Maximal independent edge set with respect to

� ����� .

each edge of which is directed toward the root. A set � of directed edges forms such a collection
of contraction kernels if and only if � contains none of the edge pairs depicted in Figure 5(b).
Seen from a directed edge � with source � and target � �
 � that one wants to contract (from
� to � ), no edge � � �
 � with end vertex (source or target) equal to � or source equal to � may
be contracted. An edge � to be contracted together with those edges that one may not contract
form a directed edge neighborhood

� ����� of � . Figure 6(a) depicts
� ����� in case of � and � both

having � neighbors. To find a maximal (independent) set of directed edges (MIDES) forming
vertex disjoint rooted trees of depth zero or one, we proceed analogously to the generation of
maximal independent vertex sets (MIS), as explained in the Section 2.

Let � : denote the set of directed edges in the graph 9 : of the graph pyramid. We proceed as
follows:
MIDES Algorithm:

1. Mark every directed edge of � : as candidate.

2. Iterate the following two steps as long as there are candidates:

(a) Assign random numbers to the candidates.

(b) Determine the candidates � whose random numbers are higher (larger) than the ran-
dom numbers in

� ����� � � � � and mark them as member (of a contraction kernel).
Also mark every � � � � ����� of every new member � as non-candidate.

As for the MIES, surviving vertices can be in the neighborhood of each other.

5 Data Driven Decimation Process

In this section we recall an idea proposed in [Jol02, Jol01] on how to build stochastic irregular
image pyramid, the data driven decimation process (D3P). The main difference from the MIS
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Figure 7: (a), (b) Second step of D3P and (c) contraction kernels.

algorithm presented in Section 2 is that the 2nd step of MIS is relaxed, i.e. no iteration will
be performed. Skipping out the iteration is motivated by the fact that the iteration is used only
for completing the maximal independent set. It is assumed that being a local maximum is of
importance [Jol02, Jol01].

Let the vertex set of 9@: be denoted by
� : . Jolion [Jol02, Jol01] proceed as follows:

D3P Algorithm:

1. Mark every element of
� : as candidate.

2. Assign random numbers to the candidates of
� : .

(a) Determine the candidates whose random numbers are greater than the random num-
bers of all neighboring candidates and mark them as member (of the maximal inde-
pendent set) and as non-candidate. Also mark every neighbor of every new member
as non-candidate.

(b) Mark as member all the remaining candidates that do not have a member in the
neighborhood.

3. In each neighborhood of a vertex that is not a member there will now be a member. Let
each non-member choose its neighboring member, say the one with the maximal random
number (we assume that no two random numbers are equal).

We will use again example shown in Figure 2 to explain the difference between MIS and
D3P. All the candidates that have undefined status in 2nd step in MIS algorithm are simply
marked as members. Note the differences shown in Figure 2(c) and Figure 7(b). The candidates
that have non-defined status (6, 5, 16, 10, 12, and 4 ) after the step 2(a) are marked as members
in step 2(b), shown with black in Figure 7(b). In Figure 7(c) is given a set of contraction kernels
build by the 3rd step of the algorithm.
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6 Comparing the Speed of Reduction

The experiment in this section compare the height of the pyramid, i.e. the reduction factors of
vertices, edges and faces of stochastic graph pyramids using algorithms MIS, MIES, MIDES,
and D3P.

Uniformly distributed random numbers are assigned to the vertices in the base level graphs.
Then the pyramids have been built using the stochastic strategy. Finally we calculated statistics
of all pyramids built by each specific selection (MIS, MIES, MIDES, D3P) to compare the
properties of different strategies. The same observation resulted from the two different random
number generators [MN98, MN99]. By changing the seed of the uniformly distributed random
generator we generated 1000 graphs, on top of which we built stochastic graph pyramids. We
reduce these graphs until we reach the top of the pyramid, the apex, which consist of one vertex
and one face and no self loops.

In our experiments, Section 6.1, Section 6.2, Section 6.4, and Section 6.3 we used bi-
directed grid graphs of size � � � � � , � ��� � � and � � � � � vertices respectively, which correspond
to image sizes of � � ��� � � � , ��� ��� ��� � and � � ��� � � � pixels, respectively.

Figures 9, 10, 11, and 12 summarize the results of the first 100 of 1000 tests for images of
sizes � � ����� � � , ��� ��� ��� � and � � ��� � � � pixels; solid lines connect the observed number of
vertices/edges/faces of one particular pyramid, where the number of levels of the graph pyramid
constitute the horizontal axis and the vertical axis shows the number of vertices � , edges � and
faces � in logarithmic scale at the respective pyramid level. In this choice of coordinate axes
a constant reduction factor becomes a straight line. Since we reduce the pyramid to a single
vertex in the apex all the solid lines in all �
	 and ��	 diagrams end at the � �
� � 
 ��� . The solid
lines of the � -diagrams end at the last but one level since the top does not contain any edge.

Statistical results using 1000 graphs are discussed in Subsection 6.5 and Tables 1, 2, and 3.
The statistics of vertex degree 3 is given in Table 1. These parameters are of importance because
they are directly related to the memory costs of the representation of graph [Jol02, Jol01]. In
Table 2 the mean and standard deviation for height of the pyramid, and for the number of
iteration for corrections are given. The mean and standard deviation of the decimation ratio for
vertices and edges is given in Table 3. The software tool !

 + $&� � � 4 [SHG02] was used to make
these results.

6.1 Experiments with MIS

The number of levels needed to reduce the graph at the base level (level 0) to a graph consisting
of a single vertex, with no self loops and a single face (top of the pyramid) are given in Fig-
ure 9, ( � ) for vertices, ( � ) for edges and ( � ) for faces. From Figure 9 we see that the height of
the pyramid cannot be guaranteed to be logarithmic, except for some good cases. In the worst
case the pyramid had 22 levels for � � ��� � � � vertices and 41 levels for the graph with � � ��� � � �

3The number of edges incident to a vertex
4Can be found at ftp://ftp.prip.tuwien.ac.at/pub/dgc tool/
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Figure 8: Evolution of vertices with large neighborhood using MIS.

vertices, respectively. Poor reduction factors are likely, as can be seen in Figure 9, especially
when the images are large. This is due to the evolution of larger and larger variations between
the vertex degrees in the contracted graphs (Table 1, � �	����� � 
�� � ����� and Figure 8). The abso-
lute maximum indegree was 148. The a priori probability of a vertex being the local maximum
depends on its neighborhood. The larger the neighborhood the smaller is the probability that
a vertex will survive [Jol02]. MIS tends to have vertices with a large neighborhood (stars),
as shown in Figure 8. This causes the reduction factor to be very poor at highest levels, also
noted in [MMR91], which is mainly due to the good performance of the decimation at the first
few levels where the graphs have large sizes and a small neighborhood size (e.g. each vertex
has � neighbors in the base level). The mean reduction factor of vertices is � �	��� (Table 3).The
collapse of the hight-order-star-like configuration into the apex causes the sudden break of the
solid lines (“star-contraction”) in the � and � -diagrams. The number of iterations necessary to
complete the maximum independent set per level (iterations for correction [Mee89]) are

�
as

reported by [Mee89]. The mean value of the height of the pyramid is � ���
��� (Table 2).
To summarize, a constant reduction factor higher then � � � cannot be guaranteed and bad

cases have a high probability (almost horizontal solid lines in Figure 9).

6.2 Experiments with MIES

The number of levels needed to reduce the graph at the base level by the MIES strategy to
an apex are shown in Figure 10. The experiments show that the reduction factor, even in the
worst case, is always higher than the theoretical lower bound ����� , as indicated by the dashed
line in Figure 10( � ). The MIDES is more stable than MIS, as can be seen in Figure 10, where
the slope of the solid lines have smaller variations. The mean and the variance of reduction
factor for MIES is smaller then in case of MIS or D3P, which implies that the height of the
pyramid ( � ��82�1��
 8 $ � 
 �1� ��� � ) is also smaller than that for MIS ( � ��8 �1��
 8 $ � 
 � � ����� ) or D3P
( � ��82�1��
 8 $ � 
��
� � ��� ).
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The mean number of iteration for correction per level was higher for MIES (Table 1). To
summarize the reduction factor were always under the theoretical upper bound of � � � .

6.3 Experiments with MIDES

The Figure 11 depicts the number of levels required to get on top of the pyramid. We see that
the reduction factor is higher than ����� (dashed line) even in the worst case. Also the maximum
indegree of the vertices is much smaller ( � �����
� � 
 � � � ��� ) than for MIS ( � �����
� � 
 � � ����� ,
Table 1). For MIES and MIDES we have not encountered nodes with large neighborhood as
for MIS. For the case of the graph with size � � � � � � � vertices, MIDES needed 13 levels in
comparison to 15 levels in the worst case of MIES. The number of iterations needed to complete
the maximum independent set was comparable with the one of MIS (Table 1). The MIDES
algorithm shows a better reduction factor than MIES, as can be seen in Figure 11 and Table 3
( � ��� ��
 ���	� � ).

To summarize the reduction factor was always better then the theoretical upper bound of �����
in all our tests. Bounded reduction factor cannot be guaranteed.

6.4 Experiments with D3P

The Figure 12 gives the reduction factors ( � ) for vertices, ( � ) for edges and ( � ) for faces. The
experiments show that poor reduction factors are likely, because of the large degree of vertices
( � �����
� � 
E� � � �	� � , Table 1). Also the height of the pyramid is related to the complexity of the
vertices, which is why the D3P gives the highest pyramids ( � ��8 �1��
 8 $ �%
 �
� � ��� ). The number
of iterations for correction is 1 because we do not iterate at all. As expected we have large
neighborhoods for D3P.

To summarize, a constant reduction factor, like for the MIS, cannot be guaranteed and bad
cases have a high probability, as can be seen in Figure 12.
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Legend: Number of vertices � , edges � , and faces � ( � -axis) in levels ( � -axis ) of the first
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� � ��� � � � vertices. Dashed lines represent the theoretical reduction factor of ����� .

Figure 9: MIS Algorithm.
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Figure 10: MIES Algorithm.
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Figure 11: MIDES Algorithm.

16



� � ��� � � � ��� ��� ��� � � � ��� � � �

� � 0 50 100
10

0

10
1

10
2

10
3

10
4

10
5

0 50 100 150 200
10

0

10
1

10
2

10
3

10
4

10
5

0 50 100 150 200
10

0

10
1

10
2

10
3

10
4

10
5

star contraction 

� � 0 50 100
10

0

10
1

10
2

10
3

10
4

10
5

10
6

0 50 100 150 200
10

0

10
1

10
2

10
3

10
4

10
5

10
6

0 50 100 150 200
10

0

10
1

10
2

10
3

10
4

10
5

10
6

� � 0 50 100
10

0

10
1

10
2

10
3

10
4

10
5

0 50 100 150 200
10

0

10
1

10
2

10
3

10
4

10
5

0 50 100 150 200
10

0

10
1

10
2

10
3

10
4

10
5

Legend: Number of vertices � , edges � , and faces � ( � -axis) in levels ( � -axis ) of the first
100 D3P pyramids. The base levels are rectangular grid containing � � ��� � � � , ��� ��� ��� � and
� � ��� � � � vertices. Dashed lines represent the theoretical reduction factor of ����� .

Figure 12: D3P Algorithm.

17



6.5 Discussion of Results

In Table 1 a more extensive comparison is made using 1000 graphs of size � � � � � � � . We
extract three parameters, the maximum (max), the mean (mean) and the standard deviation (std)
of the vertex degree for any graph in the contraction process. We average these values ( � )
and find the respective standard deviation ( � ) for all 1000 graphs. The maximum degree was
encountered using D3P and MIS which is why this method have problems during contractions.
Thus memory costs for D3P and MIS will be higher than for MIES and MIDES. Notice however
that the mean degrees are similar for all algorithms. The height stability (in the sense of smaller
variation) in the first case shows that MIS, MIES and MIDES do not depend on the data. The
degrees for D3P exhibits more variations. This means that D3P better fit to the distribution of
values associated with the vertices [Jol02, Jol01]. The last line in Table 1 shows the vertex
complexity on base level 9 � .

Table 2 gives statistics about height of the image pyramid and about number of iteration
(

� ��$&� � �
$(� � �0� ) to complete the maximal independent set. Table 3 gives the statistics about
the decimation ratios of vertices and edges. Results in both tables were computed using 1000
graphs of size � � � � � � � . Number of iterations for correction was almost the same for all
methods except for the D3P, where it was � because we do not iterate at all. MIDES gave the
best reduction factors ( � �(� � 
 � ��� � ) for all tests (Table 3). MIS, MIDES and D3P have the
same algorithmic complexity for the worst case. The worst case happens when the neighboring
vertices have increasing random numbers. We have not encountered the worst case in out test,
since it is highly unlikely.

The a priori probability that a vertex survives depends on the size of its neighborhood. In
Figure 13 vertex � will be favored by MIS and D3P. Vertex � survives with the probability of
��" � , since it has only the vertex � in the neighborhood. Vertex � survives with the probability of
��" � , where � is the size of its neighborhood. The center of the star will have smaller probability
to survive than its leafs, which causes the poor reduction factor, since only one edge will be
contracted. Since two surviving vertices cannot be neighbors, the center of the star will be
pulled toward one of it leafs. But still there will be a vertex with large neighborhood. There

Table 1: Mean � and standard deviation � of maximum, mean and standard deviation of vertex
degrees of the pyramids, respectively.

Method � �	����� � � �����
� � � ����� � �0� � ����� � �0� � ���%$&! � � ���%$&! �
MIS 70.69 23.88 4.84 0.23 3.45 1.18
MIES 11.74 0.71 4.78 0.45 0.07 0.04
MIDES 13.29 1.06 4.68 0.14 0.57 0.08
D3P 433.92 123.41 5.17 0.14 8.74 1.83
9 � 8 7.95 0.28
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Table 2: Mean � and standard deviation � of height of the pyramid and of number of itera-
tions to complete maximum independent set ( iteration for correction ).

Method � ��8 �1��
 8 $ � � ��8 �1��
 8 $ � � � � ��$&� � �
$(� � �0��� � � � ��$&� � �
$(� � �0���
MIS 20.78 5.13 2.95 0.81
MIES 14.01 0.10 4.06 1.17
MIDES 12.07 0.46 2.82 1.07
D3P 88.25 31.72 1 0

Table 3: Mean � and standard deviation � of decimation ratios for vertices � and edges � .

Method � ��� � � ��� � � ����� � �����
MIS 1.94 1.49 1.78 1.16
MIES 2.27 0.21 2.57 1.21
MIDES 2.62 0.36 3.09 1.41
D3P 1.55 5.06 1.11 0.41
Ideal 4

are cases where the center of the star is the largest in its neighborhood. In these cases all its
leafs will be contracted towards the star, yielding a very good reduction factor. The contraction
of stars can be seen in Figures 9, and 12, where the solid lines descent rapidly. An arrow in
Figure 9(v) and Figures 12(v) depict an example of star contraction.

The probability that edge � in Figure 13 will be contracted i.e. one of the end vertices will
survive, is the same for all neighboring edges of � using MIES or MIDES. The existence of
vertices with large neighborhood was not encountered in MIES and MIDES, which can be seen
also in Figures 10, and 11, where there are no cases of rapidly descent lines.

Since no vertex is favored the size of receptive fields using MIES or MIDES will be better
distributed, in the intermediate levels of the pyramid. There is no occurrence of very small or
very big receptive fields as for MIS or D3P, where there are receptive field small as one pixel
in higher levels of the image pyramid. Figure 14 shows receptive fields of comparable pyramid
levels of MIS, D3P, MIES and MIDES. Each vertex of the same level received arbitrary but
distinguishable gray values which was propagated down to the base of the pyramid. Hence the
regions with the same gray value in Figure 14 correspond to the receptive field of one vertex of
the high level. Without any constraint from the data there is no need to require big variations in
the sizes of receptive fields. This kind of behavior was encountered also in Section 7.1.
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Figure 13: (a) Vertex � is favored by MIS and D3P.

(a) (b)

(c) (d)

Figure 14: Receptive fields from MIS (a), D3P(b), MIES (c), and MIDES (d).
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7 Path Lengths of Image Pyramid

In some applications some parts of image are of special interest, so we need to access data
in a top-down process very often [GK00a]. We present in this section results of the study of
the vertical path lengths (costs) in stochastic graph image pyramids. This will give us a way
to measure the structure of the irregular pyramids built with different algorithms. Path length
shows steps to bring an attribute from every vertex in the base (bottom-up) to the top of the
pyramid , and from a top to a vertex in the base (top-down). We call this vertical path lengths.
This information is important for quickly analyzing distinct objects in a top-down/bottom-up
process. We are interested not only in comparing the vertex complexity and the height of the
pyramid, as done in Section 6, but also to be able to compare the internal structure of image
pyramids of the same height. Our goal is to build stochastic pyramids locally that are optimal
in the sense of bottom-up and top-down processes.

First we built a graph pyramid in a bottom-up process using one of the algorithms MIS,
MIES, MIDES or D3P to find contraction kernels (decimation parameters). Graphs are reduced
using the dual graph contraction algorithm [Kro95]. Since we are building stochastic graph
pyramids we end having always a singe vertex at the top of a pyramid.

As stated earlier, contraction kernels are rooted trees of depth one. The Figure 15(a) shows
a rooted tree on level 9@: (the sons) and their relation (dashed lines) with the vertex on 9 : � , (the
father); white vertices on 9;: are the non-surviving sons �0� , and they are contracted (arrows)
towards the surviving son ��� , depicted with black.

Vertical paths connect the apex with the base of the pyramid following father-son relations
from level to level. Path lengths / ��� of vertices at 9 � (level 0) can be found in a top-down
process as follows:
Path Length Algorithm:

1. Let the vertices �&� 9�� at the top of the pyramid have path length � , / ��� � 
 � .

2. Iterate until first level, � 
*8�	 �
< � � < � :
� � � 9=: � , : downpropagate the path length / �(� � of the vertex � at level � � � to
its surviving son ��� at level � below, so the path length of ��� is / ������� 
 / �(� � . All
non-surviving sons �0��� � : of � at level � have path length / � �0����
�/ �(� �0�E� .

An example of vertical path is shown in Figure 15(b). We start at the top of the pyramid. For
stochastic image pyramid there is only one vertex at the top of the pyramid, vertex 8 at the top
has path length � . An one-to-one relationship between sons (vertices at � ) and fathers (vertices
at � �E� ) is created during construction of the image pyramid [Kro95].

The number of vertices � � : � , � in level � �C� is the same as the number of surviving vertices
in � � : � (surviving sons) in level � . Costs for inheritance from fathers to surviving son is kept
zero since it is a simple copy of the attributes. Costs for contracting an edge are set to �
since reduction involves the merging operation for the attributes of the two end vertices. This
means that the surviving son will have the path length of the father and non-surviving sons the
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(a) Father-son relations (b) Path lengths

Figure 15: Graph pyramid built using DGC.

incremented path length of the father by one. In Figure 15(b) at 9 - a vertex has the same length
as its father (black vertex with path length � ), and all non-surviving sons (white vertices) have
the path length � �C� 
 � . To arrive to the top of the pyramid from the edge with path length

�
,

three edges must be contracted.
The path length shows costs to arrive to the top of the pyramid (vertical path lengths) from

every vertex in the base. This information is important for quickly analyzing distinct objects in
a top-down process.

7.1 Experimental Results and Discussion

Uniformly distributed random numbers are assigned to the vertices in the base level grid graphs.
By changing the seed of the uniformly distributed random generator we generated 100 graphs,
on top of which we built stochastic graph pyramids. We used one of the algorithms MIS, MIES,
MIDES or D3P to build stochastic pyramids i.e to compute the path lengths. We contract
these graphs using dual graph contraction [Kro95] until we reach the top of the pyramid. In
our experiments we used grid graphs of size � � � � � and � � � � � vertices respectively, which
correspond to image sizes of � � ��� � � � and � � ��� � � � pixels.

The result of the mean value of number of vertices per path length over 100 pyramids are
given in Figure 16, (a) for � � � � � � � and (b) � � � � � � � image size. The two diagrams of
Figure 16 show on the � -axis in a logarithmic scale the length of the vertical paths and on the

� -axis the number of vertices of the base level. Each base vertex has a certain ’vertical distance’
to the apex, the number of vertices having the same vertical distance can be accumulated in
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Figure 16: � of path lengths. � axis the path lengths, and � -axis number of vertices.

Table 4: The maximum path length.
Image size

� � ��� � � � � � ��� � � �
MIS 20 (10) 39 (13)
MIES 12 (7) 13 (8)
MIDES 11 (7) 12 (8)
D3P 84 (27) 160 (109)

diameter 200 400
log(diameter) 8 9

the histogram of vertical path lengths. Every pyramid generates such a histogram using the
path length algorithm. Histograms generated by a particular selection strategy can be averaged
and are shown for the MIS, MIES, MIDES and D3P strategies in Figure16.

Path lengths i.e. costs for MIES and MIDES are smaller, even when the image size were
� times larger. MIS and D3P have tendency to have longer path lengths. The Table 4 shows
the maximal path length and in brackets the most frequent path length. For MIES and MIDES
almost � ��� of vertices have path length of 6, 7, and 8 for � � � �=� � � , and 7, 8, and 9 for � � � � � � �
image, respectively. These values are comparable with the ��� 
���!"� �"���%$&� � � , which would be the
height of the regular pyramid, a property we are trying to achieve. The MIS, and D3P path
lengths are longer in both cases.

Vertical path lengths cannot be explained as the path lengths of equivalent contraction ker-
nels (ECK) towards the root (the apex) of the pyramid. Figure 17 shows the vertical path lengths
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Figure 17: Path length and ECK.

(number inside the vertices) and the ECK at the top of the pyramid (the edges). As can be seen
vertical path length is not the same as the number of steps (edges) needed to arrive from a vertex
(any of them) to the apex (shown with black). In Figure 17 the corner vertex in gray will need
��� steps to arrive to the apex, which is quite large in comparison with � which is the vertical
path length. So using ECK will imply larger costs to access the pixel at the base level.

To summarize, MIS and MIDES tend to find shorter paths. Longer path lengths imply bigger
costs to access a vertex in the base from the apex of the pyramid.

8 Conclusion

Experiments with stochastic decimation using maximal independent vertex sets (MIS) showed
a problematic behavior on large images. After an initial phase of strong reduction, the reduc-
tion decreases dramatically. This is due to the evolution of larger and larger variations between
the vertex degrees in the contracted graphs. To overcome this problem we proposed a method,

24



MIES, based on matchings which guarantees a reduction factor of � � � . As in the case of inde-
pendent vertex sets, the method based on matchings does not allow to control the directions of
the contractions. The second method, MIDES, that we proposed and tested is based on directed
edges and allows to control the directions of the contractions. The experiments showed a non-
decreasing reduction that was even stronger than the one obtained from the method based on
matchings. Path length algorithm was proposed to measure the structural complexity in irreg-
ular pyramids. The proposed methods showed also the smallest path length. Future work will
focus on using MIES and MIDES for adaptive pyramids and on understanding and proving the
good performance of the method based on directed edges.
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[KLB99] Walter G. Kropatsch, Aleš Leonardis, and Horst Bischof. Hierarchical, Adaptive
and Robust Methods for Image Understanding. Surveys on Mathematics for Industry,
No.9:1–47, 1999.

[KM91] Walter G. Kropatsch and Annick Montanvert. Irregular pyramids. Technical Report
PRIP-TR-5, Technical University of Wien, Dept. Pattern Recognition and Image Pro-
cessing 183/2, TU Wien, Austria, 1991.

[KM95] Walter G. Kropatsch and Herwig Macho. Finding the structure of connected compo-
nents using dual irregular pyramids. In Cinquième Colloque DGCI, pages 147–158.
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