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Abstract. Generalized conics, defined as continuous level sets of aggre-
gated distance functions, provide a compact and interpretable shape rep-
resentation using only a small number of focal points and scalar weights.
While such multifocal representations have recently found applications
in shape analysis, optimization, and robotics, fitting generalized con-
ics to discrete 2D contours remains challenging due to optimization in-
stabilities, often leading to disconnected predictions in practice. To ad-
dress this limitation, we propose a decoupled two-phase optimization
pipeline for generalized conic fitting. Instead of jointly optimizing all pa-
rameters directly on the contour, the proposed approach first stabilizes
the global geometry through distance-field fitting and subsequently fine-
tunes the focal points for improved boundary alignment. We demonstrate
a biomedical application of the proposed pipeline on a curated bench-
mark of isolated Drosophila melanogaster larval deformations, showing
that the method yields compact parameterizations of biological shapes
while reducing topological artifacts during optimization.

Keywords: Generalized Conics · Shape Representation · Optimization
· Parameter Decomposition · Biomedicine

1 Introduction

The geometric representation of deformable biological structures, such as bend-
ing and coiling Drosophila larvae or marine worms [1, 22], requires models capa-
ble of capturing continuous shape changes. While classical active contours repre-
sent boundaries accurately, they often require many control points and struggle
with highly irregular geometries [3, 19]. Generalized conics provide a compact
alternative by representing shapes as implicit distance fields defined through
weighted sums of distances to multiple focal points [7]. Their focal structure
yields interpretable and compact representations of biological postures [8]. How-
ever, fitting multi-focal conics to arbitrary deformations remains challenging.
While recent methods successfully fit simpler generalized conic families [9, 10],
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unconstrained gradient-based optimization often destabilizes the underlying dis-
tance field, leading to fragmented or topologically inconsistent predictions.

To investigate the broader feasibility of generalized conics as compact, inter-
pretable shape descriptors beyond classic 2D contour representation, we present
the following contributions in this paper: (1) We introduce a novel gradient-based
optimization pipeline for generalized conics fitting. To mitigate optimization in-
stabilities of multi-focal fitting, the proposed pipeline employs a two-phase pro-
cedure comprising a global distance field fit, followed by fine-tuning only the focal
points directly on the 2D boundary with frozen weights. (2) We demonstrate a
biomedical application by evaluating our approach on a curated benchmark of
isolated Drosophila larvae from the LCDseg dataset [1].

2 Related Work

Explicit vs. Implicit Shape Modeling. Explicit models define boundaries
either through global frequency analysis, such as Fourier descriptors [17], or
local control points like Active Contours [15, 19] and splines [3, 4], encoding only
boundary geometry. Implicit representations like Level Sets [23] embed shapes
as zero-level sets on a spatial grid, capturing topological changes at the cost of
memory-intensive grid-based embeddings. This motivates continuous parametric
models combining regional implicit properties with explicit parameter efficiency.

Generalized Conics. Generalized conics provide compact and interpretable
analytic shape representations based on continuous level sets of aggregated dis-
tance functions, with applications in shape representation [5, 9], optimization [2],
and robotics [25]. While previous work has shown that they can represent com-
plex geometries, including sharp corners and concavities [7, 8], gradient-based
fitting to arbitrary shapes remains largely unexplored. Unlike abstract Fourier
coefficients or global moment invariants [12], the focal points and weights of
generalized conics carry direct geometric meaning, making them interpretable.
In this work, we investigate the feasibility of generalized conics as interpretable
shape representations rather than aiming for a general-purpose benchmark. Al-
though deep learning has become the dominant paradigm for medical image
segmentation, it continues to benefit from advances in classical computer vi-
sion. In particular, shape representations can be integrated into deep learning
pipelines. For example, [13] performs object segmentation by directly learning
the Fourier coefficients of object masks, highlighting the potential of further
exploring classical shape representations.

3 Generalized Conics and Optimization Challenges

Let x ∈ R2 and F = {F1, . . . , Fk} be a set of focal points. A generalized conic
is defined by a scalar distance field aggregating weighted Euclidean distances to
the foci [5, 7]:

D(x) =

k∑
i=1

wi||x− Fi||2 (1)
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where wi ∈ R are scalar weights and δ(x, Fi) = ||x−Fi||2 denotes the Euclidean
distance. The resulting shape is defined as the implicit level set L = {x ∈ R2 |
D(x) = c}. Positive weights generate multifocal ellipses, while negative weights
introduce hyperbolic components. We refer to [5, 7, 9] for further details.

Given a set of discrete contour points C = {x1, . . . , xn}, our goal is to es-
timate the optimal parameters θ = {Fi, wi} such that the continuous level set
L approximates the target geometry. Unlike traditional Level Set Methods [23],
which evolve an implicit boundary on a memory-intensive spatial grid (Eulerian
representation), our approach relies on an analytical, parametric representation.
However, gradient-based optimization of this parameter space faces two practical
optimization challenges.

Focal Singularity: Gradient-based fitting becomes singular when a focal
point coincides with the contour, since ∂δ(x, Fi)/∂Fi is undefined for x = Fi.
However, sharp corners and concavities in generalized conics naturally require
focal points on the boundary [5, 8], driving the optimizer toward this singularity.
We therefore regularize the distance as δ(x, Fi) =

√
|x− Fi|2 + ϵ with ϵ = 10−8.

While this removes the singularity, optimization near the boundary may still
remain numerically unstable.

Scale Invariance: The generalized conic equation is scale-invariant. Multi-
plying both the target level c and the weights wi by a constant yields the same
geometric shape. While existing literature constrains this parameter space by
normalizing the scalar weights against their maximum value [5], our continuous
optimization pipeline reduces drift along equivalent scalar multiples by internally
normalizing the target boundary level to c = 1.0 for all computations.

4 Methods

4.1 Two-Phase Optimization Pipeline

For improved optimization robustness, we propose a two-phase optimization
pipeline consisting of a global spatial approximation (Phase 1) followed by a
local boundary fine-tuning (Phase 2).

Phase 1 (Global Distance Field Optimization): Phase 1 approximates
the global shape geometry over a discrete 2D spatial grid G, corresponding to
the pixel coordinates of the target image domain, with p ∈ G denoting individual
pixel locations. To ensure numerical stability, this grid is normalized by centering
it at the object’s centroid and scaling it to a unit range. Following classical level-
set embedding [23] and discrete distance fields for generalized conics [5, 6], we
extract the Signed Distance Field (SDF) (positive outside, negative inside) from
the binary segmentation mask. To align the object boundary with the target
contour level c = 1.0 and ensure scale invariance, we define the normalized
target field Dtarget(x) = 1.0+SDF (x)/Dmax, where Dmax denotes the maximum
Euclidean distance from the shape centroid. We model the shape as a Confocal
Multifocal Elliptic Field [5], parameterized by focal points Fi = (xi, yi) and
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scalar weights wi. The global Distance Field Loss is defined as:

LDF (F,w) =
1

|G|
∑
p∈G

(
k∑

i=1

wiδ(p, Fi)−Dtarget(p)

)2

(2)

Direct optimization over all parameters results in a nonlinear problem with
3k degrees of freedom (2k spatial coordinates and k scalar weights). We follow
the parameter decomposition framework of [14], which has proven effective in
practical application scenarios [18]. The parameter space is split into spatial
variables θF ∈ R2k and linear weights θw ∈ Rk. For fixed focal positions F , we
construct the evaluation matrix A ∈ R|G|×k with entries Aj,i = δ(pj , Fi) and the
vectorized target field Dtarget ∈ R|G|. The loss reduces to a linear least-squares
problem LDF (w) =

1
|G|∥Aw −Dtarget∥22. Expanding this objective yields:

LDF (w) =
1

|G|
(wTATAw − 2DT

targetAw +DT
targetDtarget) (3)

Since ATA is positive semidefinite for any matrix A, the objective is convex in
w. Any minimizer satisfies the normal equations ATAw = ATDtarget. To en-
sure numerical stability and avoid ill-conditioning caused by correlated distance
evaluations, we apply Ridge Regression [11]:

ŵ = (ATA+ λI)−1ATDtarget (4)

Then, with ŵ fixed, the focal points Fi are updated via gradient descent on
LDF . This alternating optimization separates the linear subproblem from the
nonlinear optimization, reducing the effective optimization space from 3k to 2k
dimensions and improving optimization robustness.

Alternative regularizers like Lasso [24] or Elastic Net [26] remain interesting
for future work, as they promote sparse weight estimates, effectively driving some
weights to zero, to support adaptive model complexity with a variable number of
active foci. However, they address a fundamentally different modeling objective
than mitigating the linear subproblem’s ill-conditioning. Furthermore, even for
model adaptivity, weight sparsity alone is insufficient to identify geometrically
redundant foci, since redundancy depends jointly on focal positions and weights.
We therefore do not expect these methods to meaningfully improve upon Ridge
Regression here.

Phase 2 (Boundary Fine-Tuning): While Phase 1 establishes the global
geometry, Phase 2 refines boundary alignment using only the discrete contour
points xj ∈ C. Restricting optimization to the target isoline removes many
global constraints of the distance field, making the problem under-constrained
and potentially destabilizing the generalized conic into disconnected level sets [5,
7]. Therefore, the scalar weights remain fixed to the least-squares solution ŵ
obtained in Phase 1. The boundary refinement loss minimizes the squared error
between the contour evaluations and the target isoline level c = 1.0:

LBoundary(F ) =
1

n

n∑
j=1

(
k∑

i=1

ŵiδ(xj , Fi)− 1

)2

(5)
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(a) Circular (b) Spine Sampling (c) Hybrid

Fig. 1. Initialization strategies (k = 6). (a) Circular: Foci (green) on a radius (dashed)
around the centroid (cross). (b) Spine: Foci along medial axis; weights match radii
of the largest inscribed circles (green rings). (c) Hybrid: Adds a negative focus (red
diamond) at the center of the largest inscribed circle (red ring) between the convex
hull (orange) and the shape, scaled by max shape thickness (blue ring).

By updating only the focal points Fi via gradient descent on LBoundary, the
optimization operates in the reduced 2k-dimensional spatial parameter space.
This helps preserve the coarse global topology established in Phase 1.

4.2 Boundary-Only Baseline

For comparison we will also evaluate standalone Phase 2 (P2 Only) as a baseline,
applying the alternating decomposition exclusively on the discrete contour C
with unfrozen weights. Unlike the sequential pipeline we initialize the weights
to better control the early optimization trajectories. The weighting is done in a
way that reflects the natural thickness variation along the body of an elongated
biological structure [5]. Foci at wider body regions receive higher weights to
account for the greater local extent of the shape, while foci near the tapered tips
receive lower weights. Note that the weight initialization discussed in Section 4.3
is solely dedicated to P2 Only.

Given the initialization, each iteration first updates focal positions Fi via
gradient descent on LBoundary. Weights are subsequently updated as:

ŵ = (A⊤A+ λI)−1A⊤1 (6)

where matrix A ∈ Rn×k has entries Aj,i = δ(xj , Fi) and 1 ∈ Rn is the target
level vector.

4.3 Initialization Strategies

To navigate the loss landscape of LDF and guide optimization towards geomet-
rically plausible solutions, we define three initialization strategies (see Fig. 1).
Note that weight initialization is only needed for the Boundary-Only Baseline.

Circular (Baseline): This shape-agnostic strategy distributes a predefined
number of foci k around the center of mass µ = 1

n

∑n
j=1 xj of the discrete contour

points. To keep foci inside the contour, we set radius r = 1
2n

∑n
j=1 ||xj − µ||2.

The initial focal coordinates are established as F
(0)
i = µ + r(cos(αi), sin(αi))

T

with αi = 2π(i − 1)/k for i = 1, . . . , k. Scalar weights are initialized inversely
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proportional to their minimum Euclidean distance to the contour C, so foci closer
to the boundary receive larger weights. Letting d(F

(0)
i , C) = minx∈C ||F (0)

i −x||2
and defining d̄ as the mean of these distances, the weights are formalized as
w

(0)
i = d̄/(d(F

(0)
i , C) + ϵ), where ϵ = 0.1 prevents numerical singularities.

Spine Sampling: This strategy exploits the medial axis of the biological
structure. Let B ⊂ Z2 be the binary mask of the target shape. We compute the
topological skeleton S = skel(B) and extract a path P through S starting from a
morphological endpoint of S. Assuming k ≥ 2, foci are sampled at uniform index
intervals along the discrete path P : F (0)

i = P (si) with si = (L−1)·(i−1)/(k−1)
for i = 1, . . . , k, where L denotes the total number of skeleton points. The initial
weights reflect the local body thickness at each focus, measured by the radius
of the largest inscribed circle fitting inside the shape at that point, i.e. w̃i =

EDTB(F
(0)
i ) (see Fig. 1(b)). They are normalized with an exponential decay

to emphasize the narrower anatomical extremities: w(0)
i = (w̃i/maxl w̃l)

1.5. If
skel(B) yields no connected path, we default to Circular initialization (note
that for the curated benchmark evaluated in Section 5, this fallback was never
triggered).

Hybrid: Building on spine sampling, this method extends the focal set to
capture deep morphological concavities using hyperbolic components (wi < 0).
Retaining the k positive medial foci, we compute the convex hull H(B) and
define the set of external bays as Bbays = H(B) \B. To suppress discretization
noise, the connected components of Bbays are filtered, keeping only M valid
bays V = {v1, . . . , vM} that exhibit a maximum inscribed circle radius ≥ 5
pixels or an area ≥ 40 pixels. For each bay vj ∈ V , an additional focus Fk+j is
placed at the center of its largest inscribed circle (point inside vj with maximum
distance to the bay boundary ∂vj): F

(0)
k+j = argmaxx∈vj

(miny∈∂vj
||x − y||2).

Following [9], the negative weight scales with the inscribed circle radius at that
point dj = EDTBbays(F

(0)
k+j), relative to the maximum inscribed circle radius of

the larva body Tmax = maxx∈B EDTB(x), via w
(0)
k+j = −clip(dj/Tmax, 0.2, 0.9).

This limits the influence of negative weights, expanding the focal set to ktotal =
k +M .

5 Experiments

We implement the optimization pipeline in PyTorch. To maintain numerical
stability during optimization, we pre-normalize all spatial coordinates into a
zero-centered [−1, 1] unit space. For reproducibility, all experiments use fixed
random seeds. For all initialization methods, we set k = 6, matching the six
medial tracking points used in [1]. Spatial coordinates were optimized using
Adam [16] for up to 10,000 epochs per phase with an early stopping patience
of 20. Analytical weights were solved via Ridge Regression [11] using a fixed
penalty of λ = 10−5. Phase 1 utilized an Adam learning rate of 0.01 and a 10−6

loss tolerance, while Phase 2 applied a 0.005 learning rate and a 10−4 tolerance.
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Valid Dataset Pool (N = 792): C1: n = 155, C2: n = 151, C3: n = 486

Fig. 2. Dataset curation and shape distribution. Left: The valid dataset clustered by
shape (C1: Severely Bent, C2: Slightly Bent, C3: Straight). Right Top: Excluded
invalid source frames (occlusions and holes). Right Bottom: Source frame with two
valid shapes.

5.1 Dataset Curation: Drosophila Larvae

We evaluate our pipeline on the LCDseg dataset [1], which contains manually
segmented masks of interacting Drosophila larvae recorded using a Frustrated
Total Internal Reflection imaging setup [21]. This imaging modality enables high-
contrast acquisition of larval body deformations and has enabled advanced bi-
ological studies [20]. We processed the complete set of 60 two-larvae collision
sequences (1,989 frames), yielding an initial pool of 3,978 larval instances.

Curation was guided by the assumptions of the optimization pipeline. 3,160
instances containing touching or overlapping larvae were excluded. Additionally,
26 instances containing interior holes or contour artifacts were removed to favor
simply connected target shapes for stable Signed Distance Field computation
(Fig. 2, right top). This filtering yields a final evaluation pool of 792 valid larval
instances across 60 sequences, each represented as an isolated binary mask. We
partitioned the dataset into three morphological groups using K-Means cluster-
ing (k = 3) over two geometric descriptors: solidity (mask area over convex hull
area) and aspect ratio (of the minimum bounding rectangle). After manually
reassigning five outliers from the slightly-bent to severely-bent cluster, we ob-
tained the final three posture classes: Severely Bent (C1, n = 155), Slightly Bent
(C2, n = 151), and Straight (C3, n = 486) (Fig. 2, left).

Because LCDseg provides pre-cropped sequences acquired under a fixed imag-
ing setup, the spatial resolution remains constant across all samples. All opti-
mization steps therefore operate directly on the native image resolution, yielding
an average evaluation grid G of 160×173 pixels during dense global distance-field
optimization (Phase 1).

5.2 Performance Evaluation

Evaluation metrics include the Jaccard Index (IoU), the Dice Coefficient, and
the Maximum Hausdorff Distance (HMax), following established protocols for
geometric boundary fitting of implicit shape representations [10]. For pixel-
wise evaluation, the continuous generalized conic field is evaluated at discrete
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Table 1. Quantitative performance evaluation. Overall metrics are shown alongside
Mean IoU broken down by shape complexity: Severely Bent (C1), Slightly Bent (C2),
and Straight (C3). Failure rate: instances with IoU < 0.85. Topo. Invalid: predictions
with Euler number ̸= 1, split into holes and fragments (disconnected level sets). Bold:
best per column.

Initialization Pipeline IoU ↑ Dice ↑ HMax ↓ Fail % ↓ Topo. Invalid % ↓

Overall (Mean ± Std) C1 C2 C3 (Mean ± Std) (Mean ± Std) Total Holes Frags.

Circular (Baseline)
P1 Only 0.691 ± 0.176 0.670 0.731 0.685 0.802 ± 0.143 17.28 ± 16.83 81.8% 24.9% 0.3% 24.2%
P2 Only 0.643 ± 0.411 0.499 0.602 0.701 0.683 ± 0.400 24.38 ± 31.01 41.4% 35.4% 15.9% 19.9%
P1 → P2 0.873 ± 0.156 0.788 0.889 0.896 0.923 ± 0.117 9.81 ± 17.52 22.6% 6.9% 3.3% 3.9%

Spine Sampling
P1 Only 0.702 ± 0.171 0.684 0.750 0.693 0.811 ± 0.140 16.32 ± 15.88 81.4% 19.2% 0.1% 18.8%
P2 Only 0.921 ± 0.138 0.849 0.943 0.938 0.951 ± 0.110 6.00 ± 12.48 11.5% 15.0% 9.7% 5.3%
P1 → P2 0.887 ± 0.140 0.791 0.907 0.912 0.933 ± 0.104 8.74 ± 17.29 19.8% 4.2% 1.5% 2.7%

Hybrid
P1 Only 0.761 ± 0.137 0.744 0.810 0.751 0.856 ± 0.108 11.86 ± 12.59 72.3% 11.7% 0.0% 11.6%
P2 Only 0.926 ± 0.137 0.895 0.930 0.935 0.954 ± 0.104 5.15 ± 10.75 10.7% 17.3% 11.0% 6.8%
P1 → P2 0.901 ± 0.132 0.811 0.916 0.925 0.941 ± 0.098 7.97 ± 14.89 16.9% 6.7% 2.3% 4.5%

P1 (IoU: 0.800) P2 (IoU: 0.964) P1→P2 (IoU: 0.953)

Fig. 3. Topology–metric trade-off. Left: P1 preserves coarse shape. Middle: P2 max-
imizes IoU but introduces topology-breaking artifacts. Right: P1→P2 preserves struc-
tural consistency. TP (green), FP (red), FN (blue).

pixel centers of the image grid. Pixels satisfying D(x) ≤ 1.0 are classified as
foreground, all others as background. A segmentation is considered a failure if
IoU < 0.85. Table 1 reports quantitative results across initialization strategies
and morphological shape clusters (C1–C3), comparing global-only (P1 Only),
boundary-only (P2 Only), and sequential (P1→P2 ) optimization.

Table 1 reveals a consistent trade-off between structural stability and peak
performance across initialization strategies and shape complexities (C1–C3).

P1 Only consistently yields the lowest contour accuracy. Since Phase 1 eval-
uates the dense target field rather than the contour directly, it remains compara-
tively insensitive to initialization, producing similarly smoothed results across all
three strategies. It captures coarse geometry but fails on fine boundary details,
particularly for Severely Bent (C1) shapes. Topologically, P1 Only is virtually
hole-free across all 792 instances (≤ 0.3% holes), with invalid predictions al-
most exclusively taking the form of fragments (up to 24.2%), consistent with the
smooth monotonic structure of the SDF target suppressing interior field maxima.

P2 Only is highly sensitive to initialization and shape complexity. Under Hy-
brid initialization, it yields the highest precision metrics, particularly on severely
bent (C1) shapes. However, paired with Circular initialization, it fails to con-
verge, resulting in a 41.4% IoU failure rate and a 35.4% topological failure rate,
the highest across all configurations, suggesting that many failures are associated
with topological artifacts. Even under favorable initializations, high quantitative
performance does not necessarily reflect structural correctness, as illustrated in
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Fig. 3: under Spine initialization P2 Only achieves high IoU overall, yet intro-
duces a clear internal hole. The two phases exhibit structurally distinct failure
signatures: P1 Only produces primarily fragments (≤ 0.3% holes, up to 24.2%
fragments), while P2 Only introduces holes (up to 11.0% under Hybrid, 9.7%
under Spine). The sequential pipeline suppresses both, reducing total topological
failures to 4.2%–6.9%.

As detailed in Table 1, the two-phase approach achieves the most consis-
tent overall behavior across the entire dataset, balancing accuracy and stability
across all morphological clusters (C1-C3). It improves the performance of the
unstable Circular baseline to a competitive mean IoU of 0.873 and yields stable
performance for both Spine and Hybrid initializations. By combining global and
local objectives, the sequential pipeline suppresses both failure modes character-
istic of the individual phases, namely the fragmentation of global-only fitting,
and the internal holes of unconstrained boundary optimization.
Computational Cost. The computational cost of the proposed pipeline is dom-
inated by Phase 1, whose per-epoch cost scales linearly with the grid size G for
any fixed number of foci k. Evaluated on an 8-Core AMD Ryzen 7 7800X3D and
32 GB RAM the average runtime of the complete P1→P2 pipeline was 17.03 s for
Circular initialization, 12.55 s for Spine Sampling, and 12.02 s for Hybrid. While
all initialization strategies achieve comparable segmentation quality after Phase
1, shape-aware initializations satisfy the fixed early stopping criterion substan-
tially sooner. Hybrid and Spine required only 1232 and 1412 epochs, respectively,
compared to 2536 for Circular.
Hyperparameter Robustness. We also assessed hyperparameter robustness
via a sensitivity analysis on a stratified subset of 15 representative shapes (5
per cluster). Varying the Ridge penalty λ across six orders of magnitude (10−7

to 10−2) yielded a negligible mean IoU variation (≤ 0.005) and identical fail-
ure rates for Spine Sampling and Hybrid initialization. The less stable Circular
baseline showed higher sensitivity to λ (33.3%–46.7% failure rates), though this
variation was concentrated strictly on borderline instances near the IoU failure
threshold. Scaling the heuristic geometric thresholds of the Hybrid initialization
(minimum inscribed radius and minimum bay area, Section 4.3) by ±50% simi-
larly produced only a minor IoU variation of 0.006 without affecting the failure
rate. Overall, these results support that segmentation quality primarily depends
on the initialization strategy rather than the precise hyperparameters.

5.3 Qualitative Analysis and Structural Integrity

We qualitatively analyze the Hybrid P1→P2 configuration, which achieves the
most robust performance across all shape clusters. Fig. 4(a–c) shows successful
fitting of severely bent (C1), slightly bent (C2), and elongated (C3) larval shapes,
including frozen weights from Phase 1 and focal trajectories during Phase 2.
The remaining failure cases (Fig. 4d–e) reveal two limitations caused by fixed
scalar weights during Phase 2. Overshoot: At tapered extremities (Fig. 4d),
fixed scalar weights may mismatch the required local curvature, causing focal
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−0.42

0.97

−1.652.03

1.03

−3.09

2.19

(a) C1; IoU: 0.926

0.47
0.52

0.14

−0.61

0.83 −0.20

(b) C2; IoU: 0.967

0.63

−0.57

0.76
−0.36

0.10 0.53

(c) C3; IoU: 0.981

−0.66

1.14

−0.53 0.85

−0.16

(d) Overshoot (e) Bridging

Fig. 4. Qualitative results (Hybrid initialization). (a–c): Successful abstractions. (d–
e): Limitations (overshoot and bridging). Dotted lines indicate focal trajectories during
Phase 2; numbers denote frozen scalar weights. Pixels: TP (green), FP (red), FN (blue).

points to move outside the contour and the predicted shape to overshoot the
biological boundary. Bridging: For deep, narrow concavities (Fig. 4e), the isoline
may bridge the gap instead of tracking the indentation. To preserve the global
shape, Phase 1 generally establishes a balanced weight distribution. However,
forming sharp concavities requires strong local adaptation of negative weights
[5, 8]. Manual inspection of the 134 failure cases (IoU < 0.85, 16.9%) reveals
overshoot as the dominant failure mode (86/134), followed by bridging (23/134),
fragments (14/134), general imprecision (6/134), and holes (5/134).

6 Conclusion

This paper presents a gradient-based framework for fitting generalized conics
as compact and interpretable shape representations. To mitigate optimization
instabilities in multi-focal fitting, we introduce a two-phase strategy separating
global distance-field regression from local boundary refinement. Experiments on
the LCDseg dataset show that the proposed pipeline substantially improves topo-
logical stability, reducing failure rates from up to 35.4% to 4.2%–6.9% across all
initializations while preserving connected single-component shapes. Future work
will investigate adaptive focal structures, multi-contour decompositions, compar-
isons against alternative contour descriptors or learned shape representations,
and broader geometric applications.
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