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Abstract

We presentwo new methodgo determinecontractiorkernelsfor the constructiorof graph
pyramids.Thefirst methods restrictedo undirectedyraphsandyieldsareductionfactorof

atleast2.0. Thismeanghatwith ourmethodhenumberof verticesin thesubgraplinduced
by ary setof contractibleedgess reducedo half or lessby a single parallelcontraction.
Our secondmethodalsoworks for directedgraphs. In caseof stochastigoyramids, the
secondnethodyieldsevenhigherreductionfactorsthanthefirst onein all our tests.

1 Introduction

In aregularimagepyramid (for an overvien see[9]) the numberof pixelsat ary level [, is r
timeshigherthanthe numberof pixelsatthe next reducedevel I 4+ 1. Thereductionfactorr is
greatethanoneandit is thesamefor all levels!. If s denoteghenumberof pixelsin animage
I, the numberof new levelson top of I amountgo log.(s). Thus,the regularimagepyramid
may be an efficient structureto accessmageobjectsin atop-dovn process.

However, regularimagepyramidsareconfinedto globally definedsamplinggridsandlack
shift invariance[1]. In [10] it wasshovn how thesedravbackscan be avoided by irregular
(stochastic)magepyramids. Eachlevel represents partition of the pixel setinto cells, i.e.
subsetf 4-connectedpixels. The constructionof an irregular image pyramid is iteratively
local[10] [6]:

e Thecellshave noinformationabouttheir globalposition.

e Thecellsareconnectednly to (direct) neighbors.
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Figurel: (a) Partition of pixel setinto cells. (b) Representationf the cells andtheir neighbor
hoodrelationsby a dualpair (G, G) of planegraphs.G hassquareverticesanddashededges.
G hascircularverticesandsolid edges.

e Thecellscannotdistinguishthe spatialpositionsof the neighbors.

On the baselevel (level 0) of anirregularimagepyramid the cellsrepresensingle pixels and
theneighborhooaf thecellsis definedby the 4-connectvity of thepixels. A cellonlevel [ + 1
is aunionof neighboringcellson level I. Two cells¢; andc, areneighborsf thereexist pixels
p1 in ¢ andp, in ¢y suchthatp, andp, are4-neighbors(Figure 1a,b). We assumehat ary
two successie levelsaredifferent,i.e. thatatleasttwo neighboringcellsin thelowerlevel have
beenunited. In particular thereexists a highestlevel i . Furthermorewe restrictoursehesto
irregularpyramidswith anape, i.e. level h containsonly onecell.

In this paperwe will representhe levelsasdual pairs(G;, G;) of planegraphsG; andG;.
Theverticesof G, representhecellson level [ andthe edgesof G, representhe neighborhood
relationsof thecellsonlevel ! (Figurelb). Theedgeof G, representhebordersof thecellson
level [, possiblyincluding so called pseudoedgesneededo represenheighborhoodelations
to cellsencloseddy othercells. Finally, the verticesof G, representneetingpointsof at least
threeedgesfrom G;. ThesequencéG;, G;), 0 < | < h is calledgraphpyramid. The plan of
the papers asfollows. In Section2 we will give the mainideaof the stochastiqyramidalgo-
rithm andin Section2.1we will seethatgraphpyramidsfrom maximalindependentertex sets
may have a very poor reductionfactor (arbitrarily closeto 1.0). Moreover, experimentsshov
that poor reductionfactorsarelik ely, especiallywhenthe imagesarelarge. We proposetwo
modifications.Theonein Section3 guaranteea reductionfactorof 2.0, but is applicableonly
if theedgeanay be contractedn bothdirections. The modificationproposedn Section4 also
worksin caseof constraintson the directions. This modificationyields the highestreduction
factorsin the caseof stochastigraphpyramids,in all our tests.

2 Maximal Independent Vertex Set

In the following the iteratedlocal constructionof the (stochastic)irregular image pyramid
in [10] is describedn the languageof graphpyramids. The mainideais to first calculatea
so calledmaximal independent vertex set [3]. Let the vertex setandedgesetof of G; be de-
notedby V; and E;, respectiely. Theincidencerelationof V;, denotedoy 7;(-) mapseachedge
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Figure2: (a) Theblackverticesform a maximalindependenvertex set. Theframesindicatea
correspondingollectionof contractionkernels.(b) A graphpyramid from maximalindepen-
dentvertex sets.

(@)

from E to its setof endvertices.Theneighborhood’;(v) of avertex v € V/ is definedby
(@) = {v} U {w € V, | Fe € E; suchthatw, w € 7;(e)}.
A subsel¥; of V is calledmaximalindependentertex setif:
1. wy ¢ I'y(ws) for all wr, wsy € W,
2. for all v € V] thereexistsw € W, suchthatv € I';(w).

An exampleof a maximalindependentertex setis shovn in Figure2a. Maximal independent
vertex set(MIS) [10] [11] maybegeneratedsfollows.

MI1S Algorithm:

1. Mark every elemeniof V, ascandidate.
2. Iteratethefollowing two stepsaslong astherearecandidates.

(a) Assignrandomnumberdo the candidatesf V;.

(b) Determinethecandidatesvhoserandomnumbersaregreatethantherandomnum-
bersof all neighboringcandidatesndmarkthemasmember (of the maximalinde-
pendenset)andasnon-candidate. Also markevery neighborof every nev member
asnon-candidate.

3. In eachneighborhoodf a vertex thatis not amembertherewill now beamember Let
eachnon-membechooséts neighboringmembefsaythe onewith the maximalrandom
number(we assumehatno two randomnumbersareequal).

The assignmenbf the non-membergo their membersdeterminea collection of contraction
kernels: eachnon-membeis contractedowardsits memberandall contractionganbedonein
a singleparallelstep. In Figure 2athe contractionsareindicatedby arravs. A graphpyramid
from maximalindependentertex setscanbe seenin Figure2b. Notethatwe remove parallel
edgesandself-loopsthatemege from the contractionsif they arenot neededo encodenclu-
sionof regionsby otherregions(in the exampleof Figure2b we do not needloopsnor parallel
edges).This canbedoneby dualgraphcontraction7].
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Figure3: MIS Algorithm: Numberof vertices(y-axis)for the graphof size(a) 100 x 100, and
(b) 200 x 200. z-axis: levelsof thegraphpyramid. Theslopeof the linesdepictsthereduction
factor Solid linesfor testresultsanddashedine for reductionfactor2.0.

2.1 Experimentswith Maximal | ndependent Vertex Sets

Uniformly distributedrandom(u.d) valuesareassignedo the verticesin the baselevel graphs.
We generatedL000 graphs,on top of which we built stochastiographpyramids. In our ex-
periments Section2.1, Section3.1 and Section4.1, we usedgraphsof size 10000 and40000
verticeswhich correspondo imagesizesof 100 x 100 and200 x 200 pixels,respectrely. Solid
linesin Figure3, 6 and9 depictthe first 100 of 1000tests.Datain Table1 werederivedusing
graphsof size200 x 200 verticeswith 1000experiments.

The numbersof levels neededto reducethe graphat the baselevel (level 0) to a graph
consistingof a singlevertex (top of the pyramid) aregivenin Figure3 (a),(b). FromFigure 3
we seethatthe heightof the pyramid cannotbe guaranteedo be logarithmic,exceptfor some
goodcases.In the worst casethe pyramid had22 levelsfor 100 x 100 verticesand41 levels
for the graphwith 200 x 200 vertices,respectrely. Poorreductionfactorsarelikely, ascan
be seenin Figure 3, especiallywhenthe imagesare large. This is due to the evolution of
largerandlarger variationsbetweerthe vertex degreesin the contractedyraphs(Tablel). The
absolutemaximumin-degreewas 148. The apriori probability of a vertex being the local
maximumis dependentf its neighborhood.The larger the neighborhoodhe smalleris the
apriori probability thata vertex will survive. The numberof iterationsnecessaryo complete
themaximumindependensetperlevel (iterationsfor correction[10]) arethe sameasreported
by [10].

To summarize a constantreductionfactor higherthen 1.0 cannotbe guaranteednd bad
caseshave a high probability, ascanbe seenin Figure3.
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Figure4: (a) A maximalmatching.(b) A matchingwith moreedgeghanin (a).

3 How to guarantee a Reduction Factor of 2.0

In thefollowing we aim ata collectionC of contractiorkernelsin aplanegraphG suchthat
e eachvertex of G is containedn exactly onekernelof C, and
e eachkernelC containsatleasttwo vertices.

We assumehat G is connected.Clearly, the contractionof all kernelsin C will reducethe
numberof verticesto half or less. In contrastto [10] we startwith independenedge setsor
matchings, i.e. edgesetsin which no pair of edgeshasa commonendvertex. The selectionof
C is donein threesteps.

MIES Algorithm:

1. A maximalmatchingM of edgedrom G is determined.
2. M is enlagedto asetM* thatinducesa spanningsubgraplof G.
3. M* isreducedoC.

In the first step,a maximal matchingmay be determinedoby a iteratively local processas
specifiedin the Section2. Note that a maximal matchingof G is equivalentto a maximal
independenvertex seton the edgegraphof G [4]. SinceM is only requiredto be maximal,
the edgeset M cannotbe enlagedby anotheredgefrom G withoutloosingindependenceAs
canbeseenin Figure4(a),amaximalmatchingM is not necessarilymaximum:theremaybe
amatchingM’ thatcontainsmoreedgeshan M.

Thecollectionof contractiorkernelsdefinedoy amaximalmatchingM mayincludekernels
with asinglevertex. Let v denotesuchanisolatedvertex (isolatedfrom M) andchoosea non-
self-loope thathasv asanendvertex. SinceM is maximal,theendvertex w # v of e belongs
to anedgethatis containedn the matching.Let A/ denotethe setof edgesthatarein M or
thatarechoseno connectisolatedverticesto M (the secondstepof MIES). The subgraplof
G thatis inducedby M+ spansG andits connecteccomponentaretreesof depthoneor two
(Figure5(a)). A treeof depthtwo canbeseparateihto two treesof depthoneeachby removing
the uniqueedge,both endverticesif which belongto otheredgesof thetree(Figure5(b)) (the
third stepof MIES). Still, eachvertex of G belongsto a tree (of depthone). The arrows in
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Figure5: (a) The matchingfrom Figure4aenlagedby connectingformerly isolatedvertices
to themaximalmatching.(b) After breakingup treesof depthtwo into treesof depthone. The
arrows indicatepossibledirectionsof the contractions.

Figure5b indicatepossibledirectionsof contractions.Note thatin caseof kernelswith more
thanoneedgethe directionswithin the kernelcannotbe chosenndependentlyf oneanother
Thisis why the proposednethodcannotbe extendedo applicationsn which therearea priori
constraintson the directionsof the contractions. However, the proposedmethodworks for
the stochasticcase(no preconditionson edgego be contractedandfor connecteccomponent
analysiswherethe attributesof the endverticesarerequiredto beidentical.

3.1 Experimentswith Maximal Independent Edge Sets

The numbersof levels neededo reducethe graphat the baselevel to a graphconsistingof a
singlevertex areshowvn in Figure 6 (a),(b). The experimentsshov that the reductionfactor
evenin theworstcase s alwaysbiggerthanthe theoreticalower bound2.0, indicatedby the
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Figure6: MIES Algorithm: Numberof vertices(y-axis) for the graphof size (a) 100 x 100,
and(b) 200 x 200. z-axis: numberof levels. Theslopeof thelinesdepictsthereductionfactor
Solid linesfor testresultsanddashedine for reductionfactor2.0.



dashedine in Figure6. This methodis morestablethanMIS. As canbe seenin Figure6, the
varianceof the slopeis smallerthenin caseof MIS (Figure3). The meannumberof iteration
for correctionperlevel washigherfor MIES (Tablel).

4 Constraintson the Directions of the Contractions

In mary graphpyramidapplicationssuchasline imageanalysig2, 8] andthedescriptiorof im-
agestructurg5] adirectededgee with sourceu andtargetv # u mustbecontractedfrom « to
v), only if theattributesof e, u, andv fulfill a certaincondition.In particular the conditionde-
pendsonwu beingthesourceandv beingthetarget. Theedgeghatfulfill theconditionarecalled
preselected edges Fromnow ontheplanegraphsan thepyramidhave directededges.Typically,
theedgedn thebaselevel of the pyramidform pairsof reverseedgesij.e. for eachedgee with
sourceu andtargetv thereexists an edgee’ with sourcev andtargetu. However, the setof
preselecte@dgesmay containe without containinge’. Thegoalis to build contractionkernels
with a*“high” reductionfactorfrom the setof preselecte@dges.Thereductionwill alwaysbe
determinedaccordingto the directedgraphinducedby the preselecte@dges.For example,if
the numberof verticesin theinducedsubgraphs reducedo half, the reductionfactorwill be
2.0. Fromthe examplein Figure7ait is clearthat, in general,no reductionfactorlarger than
1.0 canbe guaranteedWe requirethatthe contractionkernelsarevertex disjoint rootedtrees
of depthoneor zero(singlevertices) eachedgeof which s directedtowardstheroot. A setC
of directededgesorms sucha collectionof contractionkernelsif andonly if C' containsnone
of the edgepairsdepictedin Figure7b. Seenfrom a directededgee with sourceu andtarget
v # u thatonewantsto contract(from « to v), noedgee’ # e with endvertex (sourceor target)
equalto u or sourceequalto v may be contracted.An edgee togetherwith thoseedgesthat
onemaynotcontractf e is contractedorm aneighborhoodV (e) of e. Figure8adepictsN (e)
in caseof v andv both having 4 neighbors.To find a maximal (independentyetof directed
edges(MIDES) forming vertex disjoint rootedtreesof depthzeroor one, we proceedanalo-
gouslyto the generatiorof maximalindependentertex sets,asexplainedin the Section2. Let
E, denotethesetof directededgesn thegraphG, of thegraphpyramid. We proceedasfollows.

a) (b) \—. ©)

Figure 7: (a) The reductionfactor of a starwith n edgespointing away from the centeris
(n + 1)/n. (b) Forbiddenpairsof directededges(c) A legal configurationof directededges
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Figure8: (a) TheneighborhoodV (e). (b) Maximal independenedgesetwith respecto N (e).

| Process || p(maz) | o(maz) || p(#titerations) | o(#iterations) |
| MIS | 70.69 | 2388 | 2.95 | 0.81 |
[MIES | 11.74 | o71 || 406 | 117 |
[MIDES|| 1329 | 106 | 282 | 107 |

Tablel: Meanyu andstandarddeviation o of maximumvertex degreesof the pyramids;Mean
u andstandarddeviation o of numberof iterationsto completemaximumindependensetper
level of the pyramid.

MIDES Algorithm:
1. Mark every directededgeof E; ascandidate.
2. lteratethefollowing two stepsaslong astherearecandidates.

(a) Assignrandomnumbergo the candidates.

(b) Determinethecandidateg whoserandomnumbersarehigher(larger)thantheran-
domnumbersin N(e) \ {e} andmarkthemasmember (of a contractionkernel).
Also markeverye’ € N(e) of every new memberfe asnon-candidate.

4.1 Experimentswith Maximal Independent Directed Edge Sets

Picturesin Figure9 shav the numberof levelsrequiredto geton top of the pyramid. We see
that the reductionfactoris betterthan2.0 (dashedine) evenin the worst case. Also the in-
degreesof the verticesis muchsmaller(13.29) thanfor MIS (70.69). For the caseof thegraph
with size200 x 200 vertices,MIDES neededL3 levelsin comparisorto 15 levelsin the worst
caseof MIES. Thenumberof iterationsneededo completethe maximumindependensetwas
comparablewith the oneof MIS (Tablel). The MIDES algorithm shavs a betterreduction
factorthanMIES, ascanbeseenn Figure9.
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Figure9: MIDES Algorithm: Numberof vertices(y-axis)for the graphof size(a) 100 x 100,
and(b) 200 x 200. z-axis: numberof levels. The slopeof thelinesdepictsthereductionfactor
Solid linesfor testresultsanddashedine for reductionfactor2.0

5 Conclusion

Experimentswith stochastidecimationusingmaximalindependentertex sets(MIS) shoved

a problematicbehaior on large images.After aninitial phaseof strongreduction,the reduc-
tion decreasedramatically Thisis dueto the evolution of largerandlargervariationsbetween
the vertex degreesin the contractedyraphs.To overcomethis problemwe proposeda method,
MIES, basedon matchingswvhich guaranteea reductionfactorof 2.0. As in the caseof inde-

pendentertex setsthe methodbasedon matchingsdoesnot allow to controlthe directionsof

thecontractionsThesecondnethod MIDES, thatwe proposedndtesteds basedn directed
edgesandallows to controlthe directionsof the contractions.The experimentsshaveda non-

decreasingeductionthat was even strongerthanthe one obtainedfrom the methodbasedon

matchings.Futurework will focuson understandingndproving the goodperformanceof the

methodbasedon directededges.
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