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Abstract

Wepresenttwo new methodsto determinecontractionkernelsfor theconstructionof graph
pyramids.Thefirst methodis restrictedto undirectedgraphsandyieldsareductionfactorof
atleast����� . Thismeansthatwith ourmethodthenumberof verticesin thesubgraphinduced
by any setof contractibleedgesis reducedto half or lessby a singleparallelcontraction.
Our secondmethodalsoworks for directedgraphs. In caseof stochasticpyramids,the
secondmethodyieldsevenhigherreductionfactorsthanthefirst onein all our tests.

1 Introduction

In a regular imagepyramid (for an overview see[9]) the numberof pixelsat any level � , is 	
timeshigherthanthenumberof pixelsat thenext reducedlevel ��
� . Thereductionfactor 	 is
greaterthanoneandit is thesamefor all levels � . If � denotesthenumberof pixelsin animage�
, thenumberof new levelson top of

�
amountsto ������������� . Thus,the regular imagepyramid

maybeanefficient structureto accessimageobjectsin a top-down process.
However, regular imagepyramidsareconfinedto globally definedsamplinggridsandlack

shift invariance[1]. In [10] it wasshown how thesedrawbackscanbe avoidedby irregular
(stochastic)imagepyramids. Eachlevel representsa partition of the pixel set into cells, i.e.
subsetsof � -connectedpixels. The constructionof an irregular imagepyramid is iteratively
local [10] [6]:

� Thecellshaveno informationabouttheirglobalposition.

� Thecellsareconnectedonly to (direct)neighbors.
�
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(a) (b)

Figure1: (a) Partition of pixel setinto cells. (b) Representationof thecellsandtheir neighbor-
hoodrelationsby a dualpair � ����� � of planegraphs. � hassquareverticesanddashededges.
� hascircularverticesandsolidedges.

� Thecellscannotdistinguishthespatialpositionsof theneighbors.

On thebaselevel (level ! ) of an irregular imagepyramid thecells representsinglepixelsand
theneighborhoodof thecellsis definedby the � -connectivity of thepixels.A cell on level ��
"�
is aunionof neighboringcellson level � . Two cells #%$ and #'& areneighborsif thereexist pixels( $ in #)$ and ( & in #*& suchthat ( $ and ( & are � -neighbors(Figure1a,b). We assumethat any
two successivelevelsaredifferent,i.e. thatat leasttwo neighboringcellsin thelower level have
beenunited. In particular, thereexistsa highestlevel + . Furthermore,we restrictourselvesto
irregularpyramidswith anapex, i.e. level + containsonly onecell.

In this paperwe will representthe levelsasdualpairs � �-,.�/�0,1� of planegraphs�0, and �-, .
Theverticesof �-, representthecellson level � andtheedgesof �-, representtheneighborhood
relationsof thecellson level � (Figure1b). Theedgesof �-, representthebordersof thecellson
level � , possiblyincludingsocalledpseudoedgesneededto representneighborhoodrelations
to cellsenclosedby othercells. Finally, theverticesof �-, representmeetingpointsof at least
threeedgesfrom �-, . Thesequence� �0,��/�0,2� , !435�635+ is calledgraphpyramid. Theplanof
thepaperis asfollows. In Section2 we will give themainideaof thestochasticpyramidalgo-
rithm andin Section2.1wewill seethatgraphpyramidsfrom maximalindependentvertex sets
mayhave a very poor reductionfactor(arbitrarily closeto 1.0). Moreover, experimentsshow
that poor reductionfactorsarelikely, especiallywhenthe imagesarelarge. We proposetwo
modifications.Theonein Section3 guaranteesa reductionfactorof 798:! , but is applicableonly
if theedgesmaybecontractedin bothdirections.Themodificationproposedin Section4 also
works in caseof constraintson the directions. This modificationyields the highestreduction
factorsin thecaseof stochasticgraphpyramids,in all our tests.

2 Maximal Independent Vertex Set

In the following the iteratedlocal constructionof the (stochastic)irregular imagepyramid
in [10] is describedin the languageof graphpyramids. The main idea is to first calculatea
so calledmaximal independent vertex set [3]. Let the vertex setandedgesetof of �0, be de-
notedby ;<, and =>, , respectively. Theincidencerelationof ;?, , denotedby @�,A�CBD� mapseachedge
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Figure2: (a) Theblackverticesform a maximalindependentvertex set.Theframesindicatea
correspondingcollectionof contractionkernels.(b) A graphpyramid from maximalindepen-
dentvertex sets.

from =6, to its setof endvertices.TheneighborhoodEF,�� GH� of avertex GJI ;?, is definedby

EF,�� GH�LKNM G<OQPRM STI ;<,VUXW Y I =6, suchthat G<� SZI @�,[� Y��'O\8
A subset]^, of ;?, is calledmaximalindependentvertex setif:

1. S_$0`IaEF,�� Sb&'� for all S_$'� Sb&>I ]^, ,
2. for all GcI ;?, thereexists SZI ]a, suchthat GdIaEF,[� Se� .

An exampleof a maximalindependentvertex setis shown in Figure2a. Maximal independent
vertex set(MIS) [10] [11] maybegeneratedasfollows.

MIS Algorithm:

1. Mark everyelementof ;<, ascandidate.

2. Iteratethefollowing two stepsaslongastherearecandidates.

(a) Assignrandomnumbersto thecandidatesof ;<, .
(b) Determinethecandidateswhoserandomnumbersaregreaterthantherandomnum-

bersof all neighboringcandidatesandmarkthemasmember (of themaximalinde-
pendentset)andasnon-candidate. Also markeveryneighborof everynew member
asnon-candidate.

3. In eachneighborhoodof a vertex that is not a membertherewill now bea member. Let
eachnon-memberchooseits neighboringmember, saytheonewith themaximalrandom
number(weassumethatno two randomnumbersareequal).

The assignmentof the non-membersto their membersdeterminea collectionof contraction
kernels: eachnon-memberis contractedtowardsits memberandall contractionscanbedonein
a singleparallelstep. In Figure2athecontractionsareindicatedby arrows. A graphpyramid
from maximalindependentvertex setscanbeseenin Figure2b. Note thatwe remove parallel
edgesandself-loopsthatemergefrom thecontractions,if they arenot neededto encodeinclu-
sionof regionsby otherregions(in theexampleof Figure2b wedo not needloopsnor parallel
edges).Thiscanbedoneby dualgraphcontraction[7].
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Figure3: MIS Algorithm: Numberof vertices( f -axis)for thegraphof size(a) �%!g!�hi�%!�! , and
(b) 7�!g!�ha7�!�! . j -axis: levelsof thegraphpyramid.Theslopeof thelinesdepictsthereduction
factor. Solid linesfor testresultsanddashedline for reductionfactor 7H8:! .

2.1 Experiments with Maximal Independent Vertex Sets

Uniformly distributedrandom(u.d)valuesareassignedto theverticesin thebaselevel graphs.
We generated1000graphs,on top of which we built stochasticgraphpyramids. In our ex-
periments,Section2.1, Section3.1 andSection4.1, we usedgraphsof size �%!g!g!g! and �k!g!g!�!
vertices,whichcorrespondto imagesizesof �%!g!lhm�%!�! and 7�!g!Qhn7�!g! pixels,respectively. Solid
linesin Figure3, 6 and9 depictthefirst 100of 1000tests.Datain Table1 werederivedusing
graphsof size 7X!g!�ha7�!g! verticeswith 1000experiments.

The numbersof levels neededto reducethe graphat the baselevel (level 0) to a graph
consistingof a singlevertex (top of thepyramid)aregivenin Figure3 (a),(b). FromFigure3
we seethat theheightof thepyramidcannotbeguaranteedto belogarithmic,exceptfor some
goodcases.In theworst casethepyramid had22 levels for �%!g!dho�%!g! verticesand41 levels
for the graphwith 7�!g!phq7�!g! vertices,respectively. Poorreductionfactorsare likely, ascan
be seenin Figure 3, especiallywhen the imagesare large. This is due to the evolution of
largerandlargervariationsbetweenthevertex degreesin thecontractedgraphs(Table1). The
absolutemaximumin-degreewas 148. The r ( 	Xs[��	�s probability of a vertex being the local
maximumis dependentof its neighborhood.The larger the neighborhoodthe smalleris the
r ( 	�sA��	Xs probability thata vertex will survive. Thenumberof iterationsnecessaryto complete
themaximumindependentsetperlevel (iterationsfor correction[10]) arethesameasreported
by [10].

To summarize,a constantreductionfactorhigher then �g8t! cannotbe guaranteedandbad
caseshaveahighprobability, ascanbeseenin Figure3.
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Figure4: (a)A maximalmatching.(b) A matchingwith moreedgesthanin (a).

3 How to guarantee a Reduction Factor of 2.0

In thefollowing weaim at acollection u of contractionkernelsin aplanegraph� suchthat

� eachvertex of � is containedin exactlyonekernelof u , and

� eachkernel u containsat leasttwo vertices.

We assumethat � is connected.Clearly, the contractionof all kernelsin u will reducethe
numberof verticesto half or less. In contrastto [10] we startwith independentedge setsor
matchings, i.e. edgesetsin which no pair of edgeshasa commonendvertex. Theselectionof
u is donein threesteps.

MIES Algorithm:

1. A maximalmatchingv of edgesfrom � is determined.

2. v is enlargedto a set vxw thatinducesaspanningsubgraphof � .

3. v w is reducedto u .

In the first step,a maximalmatchingmay be determinedby a iteratively local processas
specifiedin the Section2. Note that a maximal matchingof � is equivalent to a maximal
independentvertex seton the edgegraphof � [4]. Since v is only requiredto be maximal,
theedgeset v cannotbeenlargedby anotheredgefrom � without loosingindependence.As
canbeseenin Figure4(a),a maximalmatchingv is not necessarilymaximum:theremaybe
amatchingvzy thatcontainsmoreedgesthan v .

Thecollectionof contractionkernelsdefinedbyamaximalmatchingv mayincludekernels
with a singlevertex. Let G denotesuchanisolatedvertex (isolatedfrom v ) andchoosea non-
self-loop Y thathasG asanendvertex. Since v is maximal,theendvertex S|{KxG of Y belongs
to anedgethat is containedin thematching.Let vxw denotethesetof edgesthatarein v or
thatarechosento connectisolatedverticesto v (thesecondstepof MIES). Thesubgraphof
� that is inducedby v w spans� andits connectedcomponentsaretreesof depthoneor two
(Figure5(a)).A treeof depthtwo canbeseparatedinto two treesof depthoneeachby removing
theuniqueedge,bothendverticesif which belongto otheredgesof thetree(Figure5(b)) (the
third stepof MIES). Still, eachvertex of � belongsto a tree(of depthone). The arrows in
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Figure5: (a) Thematchingfrom Figure4aenlargedby connectingformerly isolatedvertices
to themaximalmatching.(b) After breakingup treesof depthtwo into treesof depthone.The
arrows indicatepossibledirectionsof thecontractions.

Figure5b indicatepossibledirectionsof contractions.Note that in caseof kernelswith more
thanoneedgethedirectionswithin thekernelcannotbechosenindependentlyof oneanother.
This is why theproposedmethodcannotbeextendedto applicationsin which thereareapriori
constraintson the directionsof the contractions. However, the proposedmethodworks for
thestochasticcase(no preconditionson edgesto becontracted)andfor connectedcomponent
analysis,wheretheattributesof theendverticesarerequiredto beidentical.

3.1 Experiments with Maximal Independent Edge Sets

The numbersof levelsneededto reducethegraphat the baselevel to a graphconsistingof a
singlevertex areshown in Figure6 (a),(b). The experimentsshow that the reductionfactor,
evenin theworstcase,is alwaysbiggerthanthe theoreticallower bound 798t! , indicatedby the
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Figure6: MIES Algorithm: Numberof vertices( f -axis) for the graphof size(a) �%!g!}ho�)!g! ,
and(b) 7X!g!nh~7�!g! . j -axis: numberof levels.Theslopeof thelinesdepictsthereductionfactor.
Solid linesfor testresultsanddashedline for reductionfactor 798t! .



dashedline in Figure6. This methodis morestablethanMIS. As canbeseenin Figure6, the
varianceof theslopeis smallerthenin caseof MIS (Figure3). Themeannumberof iteration
for correctionperlevel washigherfor MIES (Table1).

4 Constraints on the Directions of the Contractions

In many graphpyramidapplicationssuchasline imageanalysis[2, 8] andthedescriptionof im-
agestructure[5] adirectededgeY with source� andtarget G�{Kx� mustbecontracted(from � to
G ), only if theattributesof Y , � , and G fulfill a certaincondition.In particular, theconditionde-
pendson � beingthesourceand G beingthetarget.Theedgesthatfulfill theconditionarecalled
preselected edges.Fromnow ontheplanegraphsin thepyramidhavedirectededges.Typically,
theedgesin thebaselevel of thepyramidform pairsof reverseedges,i.e. for eachedgeY with
source� andtarget G thereexists an edge Y�y with sourceG andtarget � . However, the setof
preselectededgesmaycontain Y without containingY�y . Thegoalis to build contractionkernels
with a “high” reductionfactorfrom thesetof preselectededges.Thereductionwill alwaysbe
determinedaccordingto thedirectedgraphinducedby thepreselectededges.For example,if
thenumberof verticesin the inducedsubgraphis reducedto half, the reductionfactorwill be
798t! . Fromtheexamplein Figure7a it is clearthat, in general,no reductionfactorlarger than
�g8t! canbeguaranteed.We requirethat thecontractionkernelsarevertex disjoint rootedtrees
of depthoneor zero(singlevertices),eachedgeof which is directedtowardstheroot. A set �
of directededgesformssucha collectionof contractionkernelsif andonly if � containsnone
of theedgepairsdepictedin Figure7b. Seenfrom a directededgeY with source� andtarget
G�{Kz� thatonewantsto contract(from � to G ), noedgeY y {KxY with endvertex (sourceor target)
equalto � or sourceequalto G may be contracted.An edge Y togetherwith thoseedgesthat
onemaynotcontractif Y is contractedform aneighborhood�i��Y�� of Y . Figure8adepicts�i��Y��
in caseof � and G both having � neighbors.To find a maximal (independent)setof directed
edges(MIDES) forming vertex disjoint rootedtreesof depthzeroor one,we proceedanalo-
gouslyto thegenerationof maximalindependentvertex sets,asexplainedin theSection2. Let
=6, denotethesetof directededgesin thegraph�0, of thegraphpyramid.Weproceedasfollows.

(a) (b) (c)

Figure 7: (a) The reductionfactor of a star with � edgespointing away from the centeris
���m
�����`�� . (b) Forbiddenpairsof directededges.(c) A legalconfigurationof directededges
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Figure8: (a)Theneighborhood�i��Y�� . (b) Maximal independentedgesetwith respectto �i��Y�� .
Process �����}rgj�� �L���}rkj�� ���[��s���Y)	Xrg�CsA���F��� �L����s���Y)	Xrk�Cs[�������

MIS 70.69 23.88 2.95 0.81

MIES 11.74 0.71 4.06 1.17

MIDES 13.29 1.06 2.82 1.07

Table1: Mean � andstandarddeviation � of maximumvertex degreesof thepyramids;Mean
� andstandarddeviation � of numberof iterationsto completemaximumindependentsetper
level of thepyramid.

MIDES Algorithm:

1. Mark everydirectededgeof =6, ascandidate.

2. Iteratethefollowing two stepsaslongastherearecandidates.

(a) Assignrandomnumbersto thecandidates.

(b) DeterminethecandidatesY whoserandomnumbersarehigher(larger)thantheran-
dom numbersin �i� Y��L��M Y�O andmark themasmember (of a contractionkernel).
Also markevery Y)y�Ia��� Y�� of everynew memberY asnon-candidate.

4.1 Experiments with Maximal Independent Directed Edge Sets

Picturesin Figure9 show thenumberof levels requiredto geton top of thepyramid. We see
that the reductionfactor is betterthan 798t! (dashedline) even in the worst case. Also the in-
degreesof theverticesis muchsmaller( �)��8�7X� ) thanfor MIS ( ��!�8t�g� ). For thecaseof thegraph
with size 7�!g!Jh�7X!g! vertices,MIDES needed13 levelsin comparisonto 15 levelsin theworst
caseof MIES. Thenumberof iterationsneededto completethemaximumindependentsetwas
comparablewith the oneof MIS (Table1). The MIDES algorithmshows a betterreduction
factorthanMIES, ascanbeseenin Figure9.



(a) 0 5 10 15 20
10

0

10
1

10
2

10
3

10
4

10
5

(b) 0 5 10 15 20
10

0

10
1

10
2

10
3

10
4

10
5

Figure9: MIDES Algorithm: Numberof vertices( f -axis)for thegraphof size(a) �%!g!Jh��)!g! ,
and(b) 7X!g!nh~7�!g! . j -axis: numberof levels.Theslopeof thelinesdepictsthereductionfactor.
Solid linesfor testresultsanddashedline for reductionfactor 798t!

5 Conclusion

Experimentswith stochasticdecimationusingmaximalindependentvertex sets(MIS) showed
a problematicbehavior on large images.After an initial phaseof strongreduction,the reduc-
tion decreasesdramatically. This is dueto theevolutionof largerandlargervariationsbetween
thevertex degreesin thecontractedgraphs.To overcomethis problemwe proposeda method,
MIES, basedon matchingswhich guaranteesa reductionfactorof 798:! . As in thecaseof inde-
pendentvertex sets,themethodbasedon matchingsdoesnot allow to controlthedirectionsof
thecontractions.Thesecondmethod,MIDES, thatweproposedandtestedis basedondirected
edgesandallows to control thedirectionsof thecontractions.Theexperimentsshoweda non-
decreasingreductionthat waseven strongerthanthe oneobtainedfrom the methodbasedon
matchings.Futurework will focuson understandingandproving thegoodperformanceof the
methodbasedondirectededges.
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